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ABSTRACT
In this dissertation, the application of smart polymers as actuators was investigated, with
focuses on shape memory polymers and twisted-then-coiled artificial muscles. Thermomechanical
models have been developed for various polymeric actuators, so as to facilitate interpretation of
the underlying mechanisms and to provide guidance for future design.
The classical one-way shape memory effect in amorphous shape memory polymers was first
reproduced. The amorphous shape memory polymer was treated as a frozen-phase matrix with
active-phase inclusions embedded in it. A phase evolution law was proposed from the physics
perspective and the Mori-Tanaka approach was used to predict the effective mechanical properties.
Then, a phenomenological constitutive model was developed based on the multiple natural
configurations framework for the semi-crystalline two-way shape memory effect. The model
elucidated how the programming procedure affect the crystallization behavior and eventually
determine the two-way shape memory effect via storage of internal stress.
Artificial muscles with hierarchical chiral structure that can offer a hundredfold increase in
power over natural muscles of equivalent lengths have recently been demonstrated experimentally.
To investigate the physical origin behind the remarkable tensile actuation behavior and, therefore,
the correlation between the actuation performance and the intrinsic material parameters, a multiscale modeling framework from macro-scale helical spring structure top-down to the molecular
chain interaction has been developed Then, based on the prediction results of the multi-scale model,
a new type of hierarchical chiral structured artificial muscle was fabricated using two-way shape
memory polymer fiber. The usual improvement in the axial actuation of the twisted-then-coiled
muscles were demonstrated both experimentally and theoretically.

xi

CHAPTER 1

INTRODUCTION

This dissertation consists of six chapters. The chapters from the second to the fifth are based
on papers that have been published, or are under review. In this introduction chapter, a literature
review on the research topic has been conducted. This is followed by the motivation and objectives
of the studies that have been carried out. Finally, the dissertation structure has been outlined. The
work in each chapter is solely independent, but proceeding in an orderly way and step by step with
the aim of achieving final objective of this study. All chapters, except this introductory one,
document the research results of the Ph.D. candidate under the direction of the candidate’s advisor
as well as her committee members.
1.1 General Aspects of Polymeric Actuators
Actuators are materials and devices that are able to change their shape in response to changes
in environmental conditions and thus perform mechanical work on the nano- micro-, and macroscales [1-5]. Among the huge variety of different actuators, polymer-based ones are highly
attractive because of a number of properties such as sensitivity to a broad range of stimuli and
outstanding mechanical properties [2, 6-9]. The polymers can be soft (viscoelastic state) and hard
(glassy state) depending on their chemical and physical structure that allows the design of soft
actuators for handling soft living tissues and hard actuators for handling metals [10]. There are
many polymers sensitive to different stimuli that allows the design of actuators that can be
controlled by temperature, pH, bio signals, or light [11]. Many polymers are biocompatible and
biodegradable, which allows the integration of polymeric actuators in living systems and their
resorption there.
The polymeric actuators can be classified based on the actuation stimuli, working mechanisms
or their applications. From the actuation stimuli point of view, the actuators can be driven by
voltage, current, magnetic, temperature and light, etc. Based on the working mechanisms, the
polymeric actuators can be artificially divided into several groups. The first group of actuators
comprises those based on the elastic relaxation of shape after deformation, such as dielectric
elastomeric actuators with elastomers between two electrodes [12] and amorphous shape memory
polymers [13]. The second group of actuators are based on the reversible transitions between
different states, such as transitions between different ordered states in liquid-crystalline actuators
[14], melting transitions in semicrystalline polymers [15] and order-disorder ionic phase transition
in ionomer [16]. The third group is actuators where the driving force is surface tension. Typically,
such actuators are small because they are able to function when the surface tension is considerable.
Surface-tension actuators are irreversible [17, 18]. From the application perspective, some of the
applications such as artificial muscles, swimmers or walkers, and microsurgical devices are based
mostly on the generation of force during actuation. Other applications such as sensors [19],
switchable optical devices [20], and smart textiles [21], etc. are based on the change in shape
during actuation.
In this study, we mainly focus on two types of polymeric actuators, shape memory polymers
and polymeric artificial muscles.

12

1.1.1 Shape memory polymers (SMPs)
Shape memory polymer (SMP) is a class of polymeric actuators that can be deformed and fixed
in a temporary shape at a certain condition and recovers the original shape when exposed to a
suitable stimulus[13, 22-30], such as temperature[15, 31-34], light [35, 36], magnetic field[37, 38]
or humidity [39, 40]. The term “shape-memory” was first proposed by Vernon in 1941 [41].
Although most polymers can exhibit some degrees of shape memory behavior, the importance of
SMPs was not recognized until the 1960s, when cross-linked polyethylene (PE) were used as
shrinkage tape to apply pressure [42]. SMPs have many advantages over shape memory alloys and
ceramics, such as low manufacturing cost, easy processing and most significantly, high shape
recovery strain (maximum recovery strain can be over 800% [30]). Based on these unique features,
SMPs have emerged as one of the key functional materials in both academia and industry in recent
years.
Generally, SMPs are elastic polymer networks that are equipped with stable netpoints and
suitable stimuli-sensitive switching domains [31]. The netpoints determine the permanent shape
of the polymer network and can be of a chemical (covalent bonds) or physical (intermolecular
interactions) nature. Conventional SMPs have two shapes, permanent shape and temporary shape,
which is defined by the so-called “programming” procedure. Take the thermally triggered SMP as
an example. Typically, the programming process starts with a deformation of the SMP at a
temperature above the transition temperature, for example, glass transition 𝑇𝑔 for amorphous
SMPs or melting transition 𝑇𝑚 for crystalline or semi-crystalline SMPs. For ease of discussion,
however, we hereafter refer only to glass transition 𝑇𝑔 . While maintaining the shape (strain) or
stress, the temperature is lowered to below 𝑇𝑔 . With the subsequent removal of the applied load, a
temporary shape is created and fixed. This completes the programming process. It is noted that
programming does not necessarily need the temperature event. Programming can also be
conducted at glassy state (it is termed as cold-programming), as long as the SMP can be stressed
to beyond yielding [43-46]. The recovery process, depending on the application where the recovery
strain or stress is important, can be either under free or constrained boundary conditions,
respectively. During the free recovery, SMP is heated to a temperature above 𝑇𝑔 under zero stress
and the change in strain is measured. On the other hand, during the stress recovery, deformation is
not allowed while the polymer is heated to above 𝑇𝑔 and the stress is measured. Partially
constrained shape recovery by applying a certain stress to the SMP during shape recovery is also
frequently used [47]. The shape memory performance of thermally triggered SMPs depends on
their complex interactions in polymer structures and morphologies (e.g., the crosslink density,
molecular length), the programming conditions (e.g., programming temperature, cooling rate, prestrain) and recovery conditions (e.g., recovery temperature, heating rate, boundary condition). This
offers substantial potentials and considerable opportunities for designing SMPs. An extension of
this classical “dual-SMPs” is the “multi-SMPs”, which is defined as a shape memory polymer that
can be programmed to exhibit more than one distinctive shape change in the recovery event [4852].
The actuation of the aforementioned SMPs are irreversible and are thus defined as “one-way
SMPs (1W-SMPs)”. The applicability of the classical 1W-SMPs is restricted by their one-way
feature, i.e., 1W-SMPs do not autonomously return to their temporary shapes upon cooling.
Recently developed two-way shape memory polymers (2W-SMPs) featuring a reversible shape
13

memory effect are capable of switching back and forth between two different shapes without the
need of subsequent mechanical (deformation) work [30, 53]. The reversible bidirectional actuation
enabled many applications such as self-sufficient grippers, fixators, fastening devices, cell
encapsulations, swimmers, optical gratings, soft robots, morphing structures, smart textiles, selfhealing materials, sealants, artificial muscles, etc. [16, 46, 54-57].
Two-way shape memory effect (2W-SME) has been demonstrated in several polymer systems
[15, 58-64]. Regardless of composition, architecture and design, the necessary condition for twoway shape memory effect (2W-SME) is a special designed network consists of stable net-points
and switching domains that responds to external stimuli. Same as one-way shape memory polymer
(1W-SMP), stable net-points can endure the load, retain the permanent shape upon heating and
can be constructed using chemical cross-links [15, 59] [61] [60, 62, 63, 65], crystals with high
melting temperature [54, 55] and even ionic clusters [16, 66]. The switching domains that have
been demonstrated to exhibit 2W-SME are driven by melt/crystallization transition in semicrystalline polymers, anisotropic/isotropic transition in liquid crystalline polymers, or order
disorder transition in ionomer.
Take chemically cross-linked semicrystalline system as an example. As can be seen from Fig.
1-1(a), without the strong chemical cross-links, most of the molecules are floating in the system
and tend to have coordinated segmental motion or even slide against each other when subjected to
external load, which leads to irreversible shape changing. The chemically cross-linked system (Fig.
1-1(b)), however, can endure the load, form a stable network and retain the permanent shape upon
heating. As a matter of fact, it has been demonstrated that many polymers can exhibit both oneway and two-way shape memory effect. In these polymer systems, what makes 2W-SMP different
from 1W-SMP is essentially the anisotropy of the network, which is introduced via a series of
programming steps. Afterwards, the reversible actuation behavior can be guided by the anisotropic
network, and is driven by the temperature-sensitive response of the switching domains
(crystal/melt transition in this semicrystalline system). A straightforward strategy to introduce
anisotropy into the network is by applying an external tensile load. As can be seen in Fig. 1-1(c),
the 2W-SME is realized by applying an external load at high temperature, followed by cooling
(Fig. 1-1(d)) and heating (back to Fig. 1-1(c)) under the constant load. It has been confirmed both
experimentally [67] and theoretically [68, 69] that the formation of switching (crystalline) domains
is preferentially aligned in the loading direction, which is the main reason for the anomalous
elongation upon cooling. This type of 2W-SME is designated as quasi 2W-SME, that is, 2W-SME
with a constant external load [15, 58-63]. An alternative way to introduce anisotropy is by storing
internal tensile stress into the network. This method was first realized in the cross-linked
semicrystalline system by building up oriented skeletons via a series of thermomechanical
procedures [54, 55, 70], which includes stretching the sample at a high temperature 𝜃𝑝𝑟𝑜𝑔 (Fig. 11(c)), cooling down the sample while maintaining the stress 𝑻 to 𝜃𝑙𝑜𝑤 (Fig. 1-1(d)), unloading,
and finally heating the sample to 𝜃𝑤𝑜𝑟𝑘 without loading (Fig. 1-1(e)). Normally, the high
temperature in the working cycle 𝜃𝑤𝑜𝑟𝑘 is lower than the programming high temperature 𝜃𝑝𝑟𝑜𝑔 to
ensure partial melting condition. At this moment, internal stress is stored within the partially melt
crystalline lamellae, most likely via the amorphous molecular chains tightened by unmelt oriented
crystals (Fig. 1-1(e)). In the following working cycle, the sample is ready to serve as a true 2WSMP, which is referred to the 2W-SMP in the absence of external load and can generate reversible
actuation during working cycles between 𝜃𝑙𝑜𝑤 and 𝜃𝑤𝑜𝑟𝑘 (Fig. 1-1(e)-(f)). In order to be consistent
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with classical SMPs, we hereafter define that programming procedure is completed with the
unloading step and the working cycle starts with heating the sample to 𝜃𝑤𝑜𝑟𝑘 . The temperatures
and the programming stress should be elegantly selected to ensure that the stored internal stress is
large enough to guide the oriented crystallization and eventually lead to overall elongation upon
cooling.

Figure 1-1 Illustration for the working mechanism of the chemically cross-linked 2W-SMP at
molecular level. (a) Polymer system without strong chemical cross-links. (b) Chemically crosslinked polymer system. (c) Chemically cross-linked polymer under load at high programming
temperature 𝜃𝑝𝑟𝑜𝑔 . (d) Cooling down the sample under load to the low temperature 𝜃𝑙𝑜𝑤 ,
elongation upon cooling can be observed. (e) Remove the load and heat the sample to high working
temperature 𝜃𝑤𝑜𝑟𝑘 , and the oriented crystalline lamellae are partially melt. (f) Cooling the sample
to the low temperature 𝜃𝑙𝑜𝑤 , elongation upon cooling can be observed. (c) and (d) represent quasi
2W-SME (with external tensile load) and (e) and (f) represent true 2W-SME (without external
tensile load).
In the recent work by Lu and Li [66], the authors have first demonstrated an integrated shape
memory effect that includes one-way, quasi two-way, and true two-way in an ionomer system
(Surlyn 8940), in which ionic clusters act as the stable net-points and crystallizable polyethylene
segments serve as the switching domain. In their work, quasi 2W-SME can be realized with or
without a programming procedure. Nevertheless, a tensile programming procedure can enhance
the 2W-SME, and as such, smaller external load is required to trigger the quasi 2W-SME during
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the working cycle (Fig. 9 and Fig. 10 in [66]). A critical value of programming stress is required
to achieve true 2W-SME (See Fig. 7 in [66]). These phenomena further confirm the fact that both
external applied load and programming procedure contribute to the anisotropy of the network that
leads to 2W-SME.
1.1.2 Twisted-then-coiled polymeric artificial muscles
Artificial muscles are a class of biologically inspired materials or devices that can reversibly
contract, expand, or rotate by external stimuli, such as voltage [71-73], pressure [74, 75], current
[76-78], or temperature [27, 79]. Recently, artificial muscles have become a popular topic in both
academic and industrial areas: innovative actuation devices based on various mechanisms have
been invented and advanced materials with performances surpassing those of natural muscles in
many aspects have been developed.
The widely used dielectric elastomer actuator (DEA) is constructed based on the simple
mechanism, that is, electrostatic attraction between conductive layers [72]. Albeit a simple design
principle with wide operating temperatures and large actuation strains, the high driven voltages
(~1 kV) can be a concern, particularly in biomedical and toy applications. Actuators based on
ferroelectric materials are realized by the application of an electric field, which results in
permanently aligned and polarized domains until the Curie point is reached [71]. The high driven
voltage, substantial hysteresis and difficulty in synthesis have become its key limitations. Liquid
crystal elastomers (LCEs) exhibit good response times, and moderate to large strains under
significantly lower voltage than that in ferroelectrics and dielectric elastomers [73]. However,
since investigation of LCEs is still at a very early stage, lack of material information, low stiffness
and high cost have become their main limitations. Actuators based on current, or movement of
ions, such as conducting polymers [76], ionic polymer metal composites [77], and hybrid carbon
nanotube yarns [78] have demonstrated outstanding mechanical properties, but have limited
reversibility and cycle rate. Other actuators, for instance, pneumatic artificial muscle [74], electrothermally driven shape memory alloy [79], and shape memory polymer [27], etc., all suffer from
low scalability, high cost and limited cycle-ability. A comprehensive review of the emerging
artificial muscle actuators can be found in the work by Madden et al. [80] and Mirvakili et al. [81].
In summary, artificial muscles are of practical interest, but few types have been commercially
exploited due to the various limitations discussed above. Therefore, an inexpensive, fast, nonhysteretic and scalable actuator, which can deliver high force with minimal weight and long cycle
life, is highly desired to fulfil the requirement for various fields.
Recently, in a surprising breakthrough in the world of material science, Haines et al. [82] have
created new artificial muscles that can offer a hundredfold increase in power over natural muscles
of equivalent lengths. They have demonstrated that the low cost fishing lines or sewing threads
can actively contract and expand after being twisted then coiled into helical spring. The highest
tensile stroke achieved was 34% for a temperature variation of ~220°C, compared with 4% strain
for the untwisted fiber. Its giant tensile stroke, record energy density, quick response, and easy
tuning procedure are some notable advantages of this novel class of artificial muscles.
Subsequently, a series of experimental characterizations on the twisted fishing line fibers and
coiled artificial muscles have been conducted by a number of researchers [83-85], aiming at
providing information and useful data for future engineering applications. A custom experimental
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test-bench and procedure have been developed and employed by Moretti et al. [85] to
systematically run isothermal and isometric tensile tests on nylon-made coiled actuators [84]. The
results revealed some important issues related to the response of these actuators, such as hysteresis,
repeatability, predictability and stored elastic energy. Aziz et al. [83] standardized the methods for
characterizing both the torsional stroke and torque generated, and various testing modes were
studied, which replicated possible application conditions: free stroke in a one-end tethered fiber,
torsional actuation against an externally applied torque, blocked rotation to determine the
generated toque, and torsional actuation against a return spring fiber. Because the muscles can be
indefinitely long, they could find uses in both miniaturized and macroscopic actuators. The
robustness, commercial availability, and low cost of the polymeric muscles further confirm the
significance of this innovative discovery and has opened new horizons toward the development of
effective devices, for instance, morphing airplanes and vehicles [86], self-healing composite [87,
88], robotics [89], etc.
It is worth mentioning that the concept of twisting then coiling a fiber for the purpose of
actuation is not limited to the polymer fiber. It has also been conducted previously on carbon
nanotube yarns [78, 90] and niobium nanowires [81]. However, they exhibited much lower
performance than fishing lines did. In their work, the authors explained the torsional actuation
behavior from purely kinematic point of view, where the rotation angle was expressed simply by
geometrical parameters, i.e., yarn diameter, length, and volume.
1.2 Research Motivation and Objectives
Polymer actuators are becoming more prevalent within the scientific and industrial
communities by virtue of their versatility, bio-degradation, scalability and low cost, etc. Because
of the inherent complexity of the polymer-based material responses, theoretical and computational
models are highly desired. The models not only facilitate interpretation of the underlying
mechanisms of the materials, but also provide an investigative platform to evaluate the importance
of various factors to the material properties. Therefore, the purpose of this study is to develop
usable, high-fidelity constitutive models for various polymeric actuators and seek high
performance polymeric actuators.
1.3 Dissertation Outline
The dissertation deals with fourth types of polymeric actuators. In Chapter 2, a physics-based
model for classical one-way amorphous shape memory polymers is established. In Chapter 3, a
phenomenological model for two-way semicrystalline shape memory polymers is developed. In
Chapter 4, a multi-scale modeling framework for the thermomechanical actuation responses of
polymeric artificial muscles made of fishing lines is developed. In Chapter 5, artificial muscles
made of two-way shape memory polymer fibers has been demonstrated both experimentally and
theoretically. Chapter 6 summarizes the main achievements of the study, along with discussion on
potential topics for future work.
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CHAPTER 2

THERMOMECHANICAL MODELING OF
AMORPHOUS ONE-WAY SHAPE MEMORY
POLYMERS

In this work, the one-way shape memory effect in amorphous shape memory polymers was
reproduced. The amorphous shape memory polymer was treated as a frozen-phase matrix with
active-phase inclusions embedded in it. A phase evolution law was proposed from the physics
perspective and the Mori-Tanaka approach was used to predict the effective mechanical properties.
The theoretical predictions were compared with available experimental results and reasonable
agreement was found. The influence of the intrinsic material structures and the thermomechanical
conditions on the shape memory behavior were evaluated by parametric studies.
2.1 Introduction
In engineering applications of shape memory polymers, constitutive models are highly desired
to provide a fundamental design tool. However, constitutive modeling is very involved because of
the inherent complexity of the shape memory behavior. While considerable experimental
investigations into SMPs have been reported in the literature, the number of published works
dedicated to constitutive modeling constitutes only a small portion of the vast volume of published
literatures. Earlier methods [91-94] used rheological models consisting of springs, dashpots, and
frictional elements to interpret the thermomechanical behavior of SMPs. Such distinctly simple
models have recently been expanded into three dimensional finite deformation model and
reasonable results were obtained [95, 96]. Diani et al. [97] developed a three dimensional
thermoviscoelastic constitutive model based on a physical understanding of the material behavior.
This thermodynamically motivated model is able to capture some critical features of the shape
memory behavior, however, it does not predict the details of the response in the thermomechanical
cycle. To further capture the time- and temperature-dependent feature of amorphous SMPs, a
thermoviscoelastic model that incorporated structural relaxation and stress activated viscoplastic
flow in the glassy region was proposed from a microscopic point of view [98]. The model was able
to predict key features of the stress hysteresis of the constrained recovery response, including the
peak stress and associated temperature. Subsequently, Chen and Nguyen [99] performed a
parameteric study of Nguyen et al.’s model [98], and drew the conclusion that the recovery
behavior was insensitive to the parameters for viscoplastic flow of materials programmed above
𝑇𝑔 . However, Li and Xu [44] argued that the viscoplastic flow plays an important role in the
transition between equilibrium and non-equilibrium configuration of SMPs when coldprogrammed (program below 𝑇𝑔 ), and a thermoviscoelastic–thermoviscoplastic constitutive model
was then developed on top of that to predict the nonlinear shape memory behavior of the SMP
trained below 𝑇𝑔 . To further improve the model prediction of time-dependent shape memory
behavior, more sophisticated models that contained multiple relaxation times [34, 91, 99-103] were
used to describe the broad distribution of stress and structural relaxation times typically displayed
by thermoset polymer. Recently, the established 3D multi-branch model [100] has been applied
successfully to predict various time-and temperature- dependent shape memory behavior [104106]. In addition to this dominated thermoviscoelastic approach, in recent years, SMP modeling
methods have even incorporated molecular dynamic simulation [107], quantum mechanics [108],
multi-scale modeling [109], and statistical mechanics [110], etc. Of all these methods, the phase
evolution approach, first proposed by Liu et al. [111] and further developed by other researchers
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[112-127] has become another widely used modeling approach due to its easy of application in
design.
The phase evolution approach was originally developed for shape memory alloys (SMAs) to
describe their pseudo-elastic thermo-mechanical response, stress induced phase transformation
phenomena, and hence the shape memory behavior [128-139]. Unlike in SMAs, however, the
concept of “phase” in SMPs may not necessarily be physically based, but rather
phenomenologically based. In other words, in amorphous SMPs, the physical regions with
different material properties and the boundaries between them may not be measurable. In the first
SMP phase evolution model [111], a one-dimensional, small strain and rate independent
constitutive model were developed by considering the SMP system as a two-phase composite
consitsting of an active and a frozen phase. In the active state, the deformation mainly causes a
change in entropy and the resulting stress can be determined by the entropic rubber theory. In the
frozen phase, the entropic changes are “locked” owing to a decreased mobility of individual
polymer chains and the resulting stress is primarily due to changes in the internal energy. Therefore,
the entropic stress generated in the active state is frozen, or stored, and can only be released by
heating above the transition temperature to reactivate the entropic changes. Based on the work by
Liu et al. [111], Chen and Lagoudas [113, 114] extended the model to a three-dimensional
framework and this model was used by Volk et al. [125] to examine the free and constraint
recovery behavior of shape memory polyurethane (SMPU). Kim et al. [119] developed a threephase phenomenological model (one hard segment phase and two (active and frozen) soft segment
phases) to provide more proper prediction for the deformation behavior of SMPUs. In Wang et
al.’s work [126], parameters related to heating rate and hysteresis were introduced. Qi et al. [122]
developed a three dimensional finite deformation model for thermomechanical behavior of SMPs,
based on the evolution of the deformation energy from an entropy- to an enthalpy-based state.
Reese et al. [123] formulated the model in both macromechanical and micromechanical formats
and the the thermomechanial coupling was taken into account. Baghani et al. [112] presented a
three-dimensional phenomenological model under time-dependent multiaxial thermo-mechanical
loadings in the small strain regime. In the work by Gilormini and Diani [115], one point that was
left open by Chen and Lagoudas [113, 114] about combining the model of Liu et al. [111] with
homogenization models that would be more accurate than the uniform stress assumption was
addressed. Most recently, a constituve model for SMP with more physically based phase evolution
law has been proposed by Guo et al. [116]. Once the SMP system is considered as a two-phase
composite, its effective elastic properties can be determined by various well developed composite
material theories [140-146].
The concept of phase transition approach is not only very straightforward, it can also be applied
to a wide variety of SMP materials with different transition mechanisms: It can find solid physical
base in semicrystalline SMPs [124]: Westbrook et al. [147] successfully applied the phase-based
modeling approach to the one-way and two-way shape memory effect in semicrystalline
poly(cyclooctene) (PCO) SMP; Long et al. [148] recently has developed a model for photoactivated shape memory elastomers that treats the material as a mixture of two evolving networks,
the original network and the photo-stimulated reformed network.
In the framework of phase transition modeling, the formulation of a suitable phase evolution
law, in other words, the frozen phase volume fraction, 𝜙(𝑇) is essential. A variety of frozen phase
volume fraction functions have been proposed by researchers and some typical functions are listed
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in Table 2-1. As can be seen from Table 2-1, although these evolution laws possess simple form,
the parameters in the equations cannot be explicitly related to the inherent material properties and
structures (cross-linking density, molecular length, etc.), nor the thermomechanical conditions
(heating rate, pre-strain, etc.). Up to now, the lack of physical explanation has become the main
limitation of the phase transition approach.
Table 2-1 Frozen phase volume fraction functions proposed in existing literatures.
Reference
Frozen phase volume fraction 𝜙(𝑇)
1
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This present work aims at developing a physics-based phase evolution law so that the phase
transition approach can be used more widely with confidence in the future. In the second section
of this paper, a brief review on the theory of glass transition is given, which is important to phase
evolution for amorphous polymers. Then, a general phase evolution law for amorphous SMPs is
elucidated and the frozen phase volume fraction function is formulated, based on the existing
theories. In the section that follows, the constitutive relations for the amorphous SMPs are
developed using the established evolution law, together with the classical composite materials
theories. Our model is then applied to the SMP system used by Liu et al. [111] and the modeling
results are verified with the experimental data. Finally, a parametric study is performed to evaluate
the influence of several key parameters on the phase evolution law.
2.2 Phase evolution law
2.2.1 Perspectives on glass transition
For amorphous SMPs, shape recovery takes place near the glass transition region. Typically,
there are two explanations for the driving force in the shape recovery. One is entropy driven [31]
and the other is structural relaxation driven [44, 98] when SMPs evolve through the glass transition
region. In the entropy driven theory, the driving force for shape recovery is the conformational
entropy of the molecular chains in terms of micro-Brownian thermal motion. Thermodynamically,
the molecular chains experience a change from an ordered but temporary configuration to its
original random and coiled configuration during the shape recovery process. Since this process is
accompanied by an increase in entropy, it is thermodynamically an autonomous process. In the
structural relaxation driven theory, it is suggested that the dramatic change in the temperature
dependence of the molecular chain mobility underpins the thermally activated shape memory
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phenomena of SMPs. The fact that the structure relaxes instantaneously to equilibrium at
temperature above 𝑇𝑔 but responds sluggishly at temperature below 𝑇𝑔 suggests that, reheating
programmed SMPs to above 𝑇𝑔 reduces the viscosity, restores the mobility and allows the structure
to relax to its equilibrium configuration, which leads to shape recovery.
Because of this, understanding the glass transition is the key to elucidating the shape recovery
behavior of amorphous SMPs. Despite many decades of intensive research, the glass transition
phenomenon is still one of the most challenging topics in polymer science. The glass transition
was first explained from the thermodynamic aspect due to the development of calorimetric
measurement techniques [149, 150]. In order to explain the questions and paradox identified by
Kauzmann [151], glass transition studies were deviated into kinetic direction, where the kinetic
properties, such as shear viscosity, mean shear-stress and thermal relaxation time, and the selfdiffusion constant were discussed. Among the numerous approaches successfully accounting for
the steep increase in the relaxation time of the glass transition with decreasing temperature, the
most employed is the so-called Vogel-Fulcher-Tammann (VFT) equation [152-154] and the
subsequent GD (Gibbs and DiMarzio)-AG (Adam and Gibbs) theory [155, 156]. In the last
decades, the research in glass transition has seen an explosive growth, thanks to the remarkable
development in computation power and experimental techniques. New conceptual tools have been
introduced (such as energy landscape [157]), new theoretical directions have been pioneered (for
example, the random energy models [158]), and new experimental results have been established
(for instance, the spatially heterogeneous dynamics [150, 159-161]. These developments provide
a solid physical background for our phase evolution law.
2.2.2 Formulation of phase evolution law
-

Facts and assumptions

One of the recent developed theories on glass transition, the dynamic heterogeneity suggested
the co-existence of spatially separated regions of various sizes in amorphous polymer system,
whose relaxation dynamics can differ from each other by a factor of up to five orders of magnitude
[160]. Therefore, when observed at an intermediate time scale, the whole system can then be
classified into immobile and mobile domains, which correspond to frozen and active phases,
respectively, in shape memory polymer studies. In particular, in the immobile domains, or the
frozen phase, the molecular chains are restricted by the secondary interaction and cannot move
cooperatively; while in the mobile domains, or the active phase, the molecular chains can move
freely because the interactions between chains have been broken by the external work. The active
phase thus has higher energy compared to the frozen phase and work must be done to overcome
this barrier when the frozen phase transforms into the active phase. As such, the transformation
from the frozen phase to the active phase bears strong resemblance to the energy level transition.
Having noticed this, two requirements must be satisfied to ensure the accomplishment of the
transition for each domain: first, the size of the domain must reach the critical value so that the
transition is thermodynamically stable upon perturbation [162]; second, based on the energy
landscape theory [157], sufficient observation time should be given, so that the transition can take
place with high probability [163].
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In the following, we will formulate the evolution law based on the above facts and the
following assumptions for the sake of simplicity: (1) the dynamic heterogeneous domains are
spheres with radius 𝑟 that obey the quasi-Gaussian spatial distribution; (2) the hysteresis in glass
transition is neglected here, such that the frozen phase volume fraction functions are the same upon
heating and cooling when other conditions are maintained.
-

Evolution law formulation

As stated above, when a frozen domain is transformed into an active domain, work must be
done to overcome the energy barrier. This energy barrier has two resources, one is the bulk free
energy difference between the frozen and active domains, and the other is the interfacial energy
introduced by the interface between the frozen and active domains. During transformation, a
spherical frozen domain with radius 𝑟 evolves into an active domain (see Fig. 2-1(a)) and the total
free energy change caused by the replacement of the active phase is:
4

4

4

Δ𝐺(𝑟) = 3 𝜋𝑟 3 𝐺𝑎 + Γ − 𝑊 − 3 𝜋𝑟 3 𝐺𝑓 = 3 𝜋𝑟 3 (Δ𝐺𝐵 − Δ𝐺𝑊 ) + 4𝜋𝑟 2 𝛾

(2-1)

where 𝐺𝑎 and 𝐺𝑓 are the free energy per unit volume for the active and frozen phase at a certain
temperature, respectively; Γ is the surface energy between the two phases; 𝑊 is the external
driving energy (due to heat, stress, light, humidity, etc.); Δ𝐺𝐵 is the difference of the bulk free
energy between a unit frozen and active domain, i.e., Δ𝐺𝐵 = 𝐺𝑎 − 𝐺𝑓 ; Δ𝐺𝑊 is the free energy
change per unit volume by the external work; and 𝛾 is the surface energy density which is assumed
to be constant. The total free energy change as a function of radius 𝑟 is sketched in Fig. 2-1(b). As
can be seen from the figure, there exists a critical radius 𝑟𝑐 (when Δ𝐺 reaches the maximum
value Δ𝐺𝑐 ). Only when the domain is large enough (larger than 𝑟𝑐 ) can the as-formed active phase
survives from fluctuation and stays stable. Let us now formulate each component in Eq. (2-1).

22

Figure 2-1 Schematic illustration of how a frozen domain (blue sphere) in the frozen phase matrix
(blue cube) evolves into an active domain (red sphere). (b) The free energy change caused by the
appearance of the active domain as a function of domain radius 𝑟. ∆𝐺𝑐 is the energy change when
the domain size reaches the critical value 𝑟𝑐 . The domains with 𝑟 > 𝑟𝑐 , will be stabilized in the
active phase (and may grow infinitely upon perturbation); while the domains with 𝑟 < 𝑟𝑐 will
revert back to the frozen phase upon fluctuations.
As we know, the Gibbs free energy change (unit volume) is defined as:
Δ𝐺𝐵 = Δ𝐻𝐵 − 𝑇Δ𝑆𝐵
(2-2)
where Δ𝐻𝐵 is the enthalpy change and Δ𝑆𝐵 is the entropy change. In the frozen phase, the
molecular chains can hardly move; they can only vibrate near their equilibrium positions. In the
active phase, on the contrary, the molecular chains are able to move cooperatively. To trigger this
motion, activation energy with the amount of Δ𝐻𝑎 for each structural unit (i.e. polymer segments)
is needed. Studies have shown that the activation energy Δ𝐻𝑎 is temperature dependent [164] and
the enthalpy change thus has the simple form:
𝐴𝑘

Δ𝐻𝐵 (𝑇) = 𝑛𝑁Δ𝐻𝑎 = 𝑛𝑁 (1−𝑇 𝐵/𝑇)2
𝑟

(2-3)

where 𝑛 is the molecular chain density (number of molecular chains in unit volume), 𝑁 is the
number of unit segments (Kuhn segments) in one molecular chain and 𝑘𝐵 is the Boltzmann
constant. 𝐴 and 𝑇𝑟 are constants and can be determined by linear dielectric spectroscopy [165-167].
To detail the entropy contribution to the free energy change, we make the following
assumptions: firstly, we neglect the vibrational entropy change and only consider the
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configurational entropy change; secondly, suppose that, in the frozen state, the configurational
entropy component can be ignored, in other words, the polymer chains cannot form various
configurations; finally, in the active state, the polymer chains act as idea chains and the probability
density has the form of Gaussian distribution. We can take the value of the end-to-end distance 𝐿
to calculate the entropy. Bearing these in mind, the average entropy contribution Δ𝐺𝑆 to the free
energy change of 𝑛 molecular chains with 𝑁 segments of equal length 𝑙 is:
3

3

Δ𝐺𝑆 = −𝑇Δ𝑆𝐵 =< 2 𝑛𝑘𝐵 𝑇𝜆2 >≈ 2 𝑛𝑘𝐵 𝑇

(2-4)

where the stretch 𝜆 = L/𝐿0 , and 𝐿0 = √𝑁𝑙 is the random-walk root-mean-square distance of a
chain. We simply take the average value of 𝜆̅ = 1 into Eq. (2-4) to estimate the average entropy
contribution.
In summary, the difference in bulk free energy between a unit frozen domain and an active
domain is:
𝑁𝐴

3

Δ𝐺𝐵 = 𝑛𝑘𝐵 ((1−𝑇 /𝑇)2 + 2 𝑇)
𝑟

(2-5)

As pointed previously, the source of external work can be heat, force, light and humidity, etc.
For the external thermal work density 𝑔𝑡𝑤 , suppose that in the frozen phase, the polymer segments
only vibrate more drastically upon heating without change the configuration before the phase
transformation, this portion of work is thus considered to be proportional to the temperature, i.e.,
𝑔𝑡𝑤 = 𝑐𝑡𝑤 𝑇. Regarding the external mechanical work 𝑔𝑚𝑤 , it has been observed before that stress
can also induce glass transition and this phenomena was explained by the generalized Eyring’s
ideas of stress-dependent rearrangement activation energies [168-171]. Therefore, this term cannot
be ignored, especially in cold programming procedure where the pre-stress is high. When consider
the non-thermal triggered SMPs, such as photo-activated or water-activated SMPs, work done by
light 𝑔𝑙𝑤 or humidity 𝑔ℎ𝑤 should be taken into consideration. Then, the change in free energy by
the external work takes the form:
Δ𝐺𝑊 = 𝑔𝑡𝑤 + 𝑔𝑚𝑤 + 𝑔𝑙𝑤 + 𝑔ℎ𝑤 + ⋯

(2-6)

Plug Eqs. (2-5) and (2-6) back into Eq. (2-1), we could obtain the expression for the total free
energy change Δ𝐺, and hence the equation for the critical size 𝑟𝑐 in terms of 𝑇:
2𝛾

𝑟𝑐 = 𝑟𝑐 (𝑇) = Δ𝐺

𝑊 (𝑇)−Δ𝐺𝐵 (𝑇)

(2-7)

Also, as mentioned before, the whole system consists of domains with different sizes, and we
assume their sizes obey quasi-Gaussian distribution, which is commonly used in polymer science
[110, 172-174]:
𝑝(𝑟) = { 𝑝0 exp(−
0

(𝑟−𝑟̅ )2
2𝛴 2
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)

𝑟≥0
𝑟<0

(2-8)

where 𝑟̅ is the average radius, 𝛴 is the standard deviation and 𝑝0 is the normalization factor. The
fraction of stable active phase at a certain temperature can thus be expressed as:
∞

𝑓1 (𝑇) = ∫𝑟 (𝑇) 𝑝(𝑟)𝑑𝑟

(2-9)

𝑐

In addition to the size requirement, the observation time scale Δ𝑡 = Δ𝑇/𝑇̇ should be large
enough so that the transition between different energy levels can be finished. More specifically,
larger Δ𝑡 indicates slower heating/cooling process, while smaller Δ𝑡 means the heating/cooling
rate is higher. According to the transition state theory [163, 175], the probability 𝑓2 of the transition
from frozen to active phase at temperature 𝑇 and in observation time Δ𝑡 is:
𝑓2 (𝑇, Δ𝑡) = 1 − [1 − exp(−

𝛥𝐻𝑎 (𝑇)
𝑘𝐵 𝑇

Δ𝑡

)]𝜏0

(2-10)

Here, 𝜏0 is the internal time scale for the transition with energy barrier Δ𝐻𝑎 (𝑇).
The two requirements have to be satisfied simultaneously. Therefore, the active phase fraction
at a temperature 𝑇 with heating rate 𝑇̇ can be expressed as:
Δ𝑡

∞
𝛥𝐻 (𝑇)
𝜙𝑎 (𝑇, 𝑇̇) = 𝑓1 𝑓2 = ∫𝑟 (𝑇) 𝑝(𝑟)𝑑𝑟 × {1 − [1 − exp(− 𝑘𝑎 𝑇 )]𝜏0 }
𝑐

𝐵

(2-11a)

Accordingly, the frozen phase fraction is:
Δ𝑡

∞
𝛥𝐻 (𝑇)
𝜙𝑓 (𝑇, 𝑇̇) = 1 − 𝜙𝑎 = 1 − ∫𝑟 (𝑇) 𝑝(𝑟)𝑑𝑟 × {1 − [1 − exp(− 𝑘𝑎 𝑇 )]𝜏0 }
𝑐

𝐵

(2-11b)

2.3 Constitutive relations
As stated previously, the whole material is regarded as a two-phase composite whose volume
fractions are temperature and rate dependent and obey the evolution law described in the last
section. The evolution law plays a central role in the model: the overall elastic behavior, thermal
expansion and most importantly, the shape memory effect are highly related to the frozen volume
fraction and are detailed in the following three sections.
2.3.1 Effective elastic stiffness
When heating the SMPs, more and more frozen domains evolve into active domains. It is then
reasonable to consider the system as a two-phase composite with random distributions of active
(rubbery-like) inclusions in a frozen (glassy-like) matrix. Therefore, the Mori-Tanaka approach
can be used to predict the effective elastic properties of SMPs. By assuming isotropic spherical
inclusion and isotropic matrix, the formulae for the effective properties take the simple form
derived by Weng [176]:
̅ = 𝐾𝑓 (1 + 𝜙𝑎 (𝐾𝑎/𝐾𝑓 −1) )
𝐾
1+𝛼 𝜙 (𝐾 /𝐾 −1)
1 𝑓

25

𝑎

𝑓

(2-12a)

𝜙𝑎 (𝐺𝑎 /𝐺 −1)
𝐺̅ = 𝐺𝑓 (1 + 1+𝛼 𝜙 (𝐺 𝑓/𝐺 −1))
1 𝑓

𝑎

𝑓

(2-12b)

where,
1+𝜈

𝛼1 = 3(1−𝜈𝑓 )

(2-13a)

𝑓

2(4−5𝜈 )

𝛼2 = 15(1−𝜈𝑓 )

(2-13b)

𝑓

̅ are the bulk modulus of the frozen matrix, rubbery inclusion and composite,
in which 𝐾𝑓 ,𝐾𝑎 and 𝐾
respectively. 𝐺𝑓 , 𝐺𝑎 and 𝐺̅ are the elastic shear moduli of the matrix, inclusion, and composite,
respectively; and 𝜈𝑓 is the Poisson’s ratio of the frozen matrix.
2.3.2 Overall thermal expansion
The thermal expansion of the isotropic two-phase composite has been derived by Levin [177]
and generalized by Rosen and Hashin [178]:
1

𝛼̅ = 𝜙𝑓 𝛼𝑓 + 𝜙𝑎 𝛼𝑎 + 𝐾̅

−(𝜙𝑓 /𝐾𝑓 +𝜙𝑎 /𝐾𝑎 )
1/𝐾𝑓 −1/𝐾𝑎

(𝛼𝑓 − 𝛼𝑎 )

(2-14)

Notice that, unlike the model developed by Liu et al., in which 𝛼̅ was fitted empirically to
experimental results, in the present work, 𝛼̅ is closely related to both the volume fraction and the
elastic properties of the two phases. Therefore, it can be determined directly once the evolution
law and the elastic properties for each phase are determined.
2.3.3 Shape memory effect
Shape memory effect also depends largely on the phase evolution law: during the programming
or cooling step, the polymer changes from active to frozen phase upon negative temperature
increment. In this process, part of the strain that is already reached in the active phase shifts to
stress-free strain, namely, storage strain. From a microscopic point of view, the equilibrium
molecular configurations received in active state cannot be changed drastically when they
transform into frozen state due to the decrease in molecular mobility. To satisfy the boundary
condition, stress is then re-distributed throughout the whole system. In the recovery or heating step,
the stored strain is released when the frozen phase transforms into an active phase. Depending on
the boundary condition, either zero load or zero deformation, shape recovery or stress recovery
can be observed. The constitutive relations in the thermomechanical cycle can be formulated based
on the above understanding of the shape memory mechanism.
-

Programming/Cooling step
According to the above analysis, during cooling the behavior of the polymer takes the form:
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𝝈 = 𝑳̅: (𝜺 − 𝜺𝑡ℎ − 𝜺𝑠 )

(2-15)
𝑇

with the effective stiffness tensor 𝑳̅, total strain ε, thermal strain 𝜺𝑡ℎ = ∫𝑇 𝛼̅(𝑇)𝑑𝑇 and storage
0

𝑇

strain 𝜺𝑠 = ∫𝑇 𝑑𝜺𝑠 .
0

The stress increment 𝑑𝝈 and storage strain development 𝑑𝜺𝑠 is coupled together during the
programming step and has been derived by Gilormini and Diani [115]:
𝜕𝑳̅

𝜕𝑳̅

𝑑𝝈 = 𝑳̅: (𝑑𝜺 − 𝑑𝜺𝑡ℎ − 𝑑𝜺𝑠 ) + (𝜕𝜙 | 𝜙𝑓 ′ + 𝜕𝑇| ) : 𝑳̅−1 : 𝝈𝑑𝑇
𝑓

(2-16a)

𝜙𝑓

𝑇

and
𝜕𝑳̅−1

𝑑𝜺𝑠 = − 𝜕𝜙 | : 𝝈𝜙𝑓 ′ 𝑑𝑇
𝑓

(2-17a)

𝑇

in which 𝜙𝑓 ′ is the partial derivative of 𝜙𝑓 with respect to temperature.
For the simple case of uniaxial load, the equations become:
1

̅
𝜕𝐾

1

𝜕𝐺̅

̅
1 𝜕𝐾

𝑑𝜎 = 𝐸̅ (𝑑𝜀 − 𝛼̅(𝑇)𝑑𝑇 − 𝑑𝜀𝑠 + (9𝐾̅2 𝜕𝜙 | + 3𝐺̅ 2 𝜕𝜙 | ) 𝜎𝜙𝑓 ′ 𝑑𝑇 + (9𝐾̅2 𝜕𝑇 |
𝑓

𝑓

𝑇

𝜙𝑓

𝑇

1 𝜕𝐺̅

+ 3𝐺̅2 𝜕𝑇 | )𝜎𝑑𝑇)
𝜙𝑓

(2-16b)
and
1

̅
𝜕𝐾

1

𝜕𝐺̅

𝑑𝜀𝑠 = (9𝐾̅2 𝜕𝜙 | + 3𝐺̅ 2 𝜕𝜙 | ) 𝜎𝜙𝑓 ′ 𝑑𝑇
𝑓

𝑓

𝑇

(2-17b)

𝑇

During the programming step, the development of the storage strain 𝑑𝜺𝑠 is recorded and will be
recalled in the following recovery step.
-

Recovery/Heating step

In the work by Gilormini and Diani [115], the recovery behavior was reproduced by simply
‘unrolling the history’ of the recorded storage strain. In other words, Eq. (2-16) can still be applied
when 𝑑𝜺𝑠 is not given by Eq. (2-17), but read from the recorded programming history. Reasonable
agreement was obtained using this method. Nevertheless, the real situation is more sophisticated
mainly due to the following two reasons.
Firstly, the glass transition, or the phase evolution behavior depends not only on the intrinsic
material properties, but also on the experimental conditions, such as, heating rate, applied force,
etc. As we have mentioned in Section 2.2.2, the external factors, or the source of input energy,
which is used to overcome the energy barrier, can be heat, force, light and humidity, etc. When the
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boundaries are free (in free recovery tests), only thermal work contributes to the phase
transformation process. However, when the boundaries of a test specimen are fixed while the
temperature is changing (in programming procedure and fully constraint stress recovery tests),
stress and hence mechanical work will be applied to the sample which will serve as part of the
input energy source. To this end, in Eq. (2-6), in addition to the thermal energy component 𝑔𝑡𝑤 ,
the mechanical energy component 𝑔𝑚𝑤 should also be included when the boundaries of the
specimen are fixed. This will lead to different temperature dependence of the frozen phase volume
fraction in the free recovery tests, and in the fully constraint recovery test. Therefore, instead of
simply using 𝑑𝜺𝑠 recorded in the programming step, the storage strain that is released in each step
of temperature increment in the free and fully constraint recovery tests are −𝜺𝑠 𝑑𝜙𝑎𝑡 and −𝜺𝑠 𝑑𝜙𝑎𝑡𝑚 ,
respectively. Here, we use 𝜙𝑓𝑡𝑚 (𝜙𝑎𝑡𝑚 ) and 𝜙𝑓𝑡 (𝜙𝑎𝑡 ) to represent the frozen (active) phase volume
fraction functions for the case when both thermal and mechanical work are considered (fixed
boundary) and for the case when only thermal work is included (free boundaries), respectively.
The second issue appears in the constraint stress recovery process. Unlike the free strain
recovery test, where the recovery strain normally shows a plateau at the end of the test, the stress
recovery test is more complicated. In some cases, the recovery stress follows a similar pattern to
strain recovery, i.e., gradually approaches to a plateau [179, 180]. In some other cases, however,
“stress undershoot” [94, 111, 181, 182] and “stress overshoot” [47, 122, 183, 184] are observed.
Considering the fact that in a two-phase composite SMP, when the composite is subjected to stress,
active phase can make self-adjustment instantly, in other words, it behaves elastically; at
temperature well below glass transition, the frozen phase does not have enough time to make
adjustment, thus also has elastic behavior. However, when temperature is within the transition
region, the relaxation time of the frozen phase is comparable to the observation time. Therefore,
in addition to thermal expansion and shape recovery, stress relaxation must be taken into
consideration when modeling the stress recovery process.
It is emphasized here that, as a constitutive equation, it should be independent of the boundary
conditions. This is the case for the free shape recovery. However, for constrained shape recovery,
the constitutive equation (recovery stress-recovery strain relation) seems depending on the
boundary condition of the specimens. The reason is that different boundary conditions add
different levels of stress on top of the recovery stress. As a result, the constitutive equation seems
depending on the boundary conditions. In other words, in free shape recovery, we are testing
“materials” (no boundary conditions are involved); in constrained shape recovery, we are testing
“structures” (boundary conditions are involved).
The relaxed stress 𝜎𝑟𝑒𝑙𝑥 normally takes the form of multiple relaxation procedures [100, 185188]:
𝑡

𝝈𝑟𝑒𝑙𝑥 = ∑𝑛𝑖=1 𝝈𝑖𝑟𝑒𝑙𝑥 = ∑𝑛𝑖=1 𝝈𝑖 (1 − exp(− 𝜏 ))
𝑖

(2-18)

In our model, the relaxation processes caused by thermal deformation (corresponds to
structural relaxation) and mechanical deformation, or releasing of the storage strain (corresponds
to stress relaxation) are considered separately, as suggested by preliminary studies [44, 98, 186].
Then, we use 𝑛 = 2 to represent the relaxation mechanisms caused by thermal and mechanical
deformation, respectively. The relaxed stress component corresponds to thermal deformation or
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structural relaxation is named as 𝝈𝑡ℎ
𝑟𝑒𝑙𝑥 ; similarly, the relaxed stress component related to
mechanical deformation or releasing of the storage strain is defined as 𝝈𝑟𝑒𝑙
𝑟𝑒𝑙𝑥 .
𝑡ℎ
For 𝜎𝑟𝑒𝑙𝑥
, the simplest model is applied [100]:
𝑡

𝑒𝑓𝑓

𝑡𝑚
𝝈𝑡ℎ
𝑟𝑒𝑙𝑥 = 𝜙𝑓 𝝈𝑡ℎ (1 − exp(− 𝜏 ))

(2-19)

𝑡ℎ

𝑒𝑓𝑓

here we use an effective stress 𝝈𝑡ℎ to represents the stress by thermal expansion only, since it is
almost independent of the programming methods; the temperature dependent relaxation time is
𝜏𝑡ℎ = 𝜏𝑡ℎ0 𝑏(𝑇), with the shift factor 𝑏(𝑇) = exp(−𝜃(𝑇 − 𝑇𝑔 )).
Regarding 𝝈𝑟𝑒𝑙
𝑟𝑒𝑙𝑥 , a similar method is applied [100]:
𝑡

𝑡𝑚
𝝈𝑟𝑒𝑙
𝑟𝑒𝑙𝑥 = 𝜙𝑓 𝝈𝑟𝑒𝑙 (1 − exp(− 𝜏 ))

(2-20)

𝑟𝑒𝑙

instead of an effective stress, the current releasing stress 𝝈𝑟𝑒𝑙 (stress caused by releasing of storage
strain only, as will be detailed in Table 2-2) is used, since 𝝈𝑟𝑒𝑙 depends largely on programming
method; the temperature dependent relaxation time is 𝜏𝑟𝑒𝑙 = 𝜏𝑟𝑒𝑙0 𝑎(𝑇) and the shift factor
𝐶1 (𝑇−𝑇𝑔 )

𝑎(𝑇) obeys the Williams-Landel-Ferry (WLF) equation: log 𝑎(𝑇) = 𝐶

2 +(𝑇−𝑇𝑔 )

.

2.3.4 Summary of the model
Up to this point, the thermomechanical behavior of the amorphous SMP has been analyzed and
formulated from a physical perspective. For completeness, the important features of the model are
summarized in Table 2-2.
Table 2-2 Summary of the model.
∞
𝜙𝑓 (𝑇, 𝑇̇) = 1 − 𝜙𝑎 = 1 − (∫𝑟 (𝑇) 𝑝(𝑟)𝑑𝑟) × (1 −
(1 − exp(−
Energy components in
Phase evolution law

𝑟𝑐 = Δ𝐺

𝛥𝐻𝑎 (𝑇)

2𝛾

𝑘𝐵 𝑇

𝑐

Δ𝑡
𝜏0

)) )

𝑊 (𝑇)−Δ𝐺𝐵 (𝑇)

𝑁𝐴

3

Δ𝐺𝐵 = 𝑛𝑘𝐵 ((1−𝑇 /𝑇)2 + 2 𝑇)
𝑟

Δ𝐺𝑊 = 𝑔𝑡𝑤 + 𝑔𝑚𝑤 + 𝑔ℎ𝑤 + 𝑔𝑙𝑤 + ⋯
𝐴𝑘
𝛥𝐻𝑎 (𝑇) = (1−𝑇 𝐵/𝑇)2
𝑟

̅ = 𝐾𝑓 (1 + 𝜙𝑎 (𝐾𝑎/𝐾𝑓 −1) )
𝐾
1+𝛼 𝜙 (𝐾 /𝐾 −1)
1 𝑓

𝑎

𝑓

𝜙𝑎 (𝐺𝑎 /𝐺𝑓 −1)

Thermomechanical
properties

𝐺̅ = 𝐺𝑓 (1 + 1+𝛼

)

1 𝜙𝑓 (𝐺𝑎 /𝐺𝑓 −1)

1+ν

α1 = 3(1−νf )
f

2(4−5νf )

α2 = 15(1−ν )
f
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𝛼̅ = 𝜙𝑓 𝛼𝑓 + 𝜙𝑎 𝛼𝑎 +

1
̅ −(𝜙𝑓 /𝐾𝑓 +𝜙𝑎 /𝐾𝑎 )
𝐾

1/𝐾𝑓 −1/𝐾𝑎

(𝛼𝑓 − 𝛼𝑎 )

𝜕𝑳̅

′

𝑑𝝈 = 𝑳̅: (𝑑𝜺 − 𝑑𝜺𝑡ℎ − 𝑑𝜺𝑠 ) + (𝜕𝜙 | 𝜙𝑓𝑡𝑚 +
𝑓

Programming/Cooling
Step

𝜕𝑳̅

|

𝜕𝑇 𝜙𝑡𝑚
𝑓

𝑇

) : 𝑳̅−1 : 𝝈𝑑𝑇
𝜕𝑳̅−1

′

𝑑𝜺𝑠 = − 𝜕𝜙 | : 𝝈𝜙𝑓𝑡𝑚 𝑑𝑇
𝑓

Free Recovery Step

𝑇

𝑑𝜺 = 𝑑𝜺𝑡ℎ + 𝑑𝜺𝑟𝑒𝑙
𝑑𝜺𝑟𝑒𝑙 = −𝜺𝑠 𝑑𝜙𝑎𝑡
𝑑𝜺𝑡ℎ = 𝛼̅𝑑𝑇
𝛔 = 𝝈𝑟𝑒𝑐 − 𝝈𝑟𝑒𝑙𝑥
𝑑𝝈𝑟𝑒𝑐 = 𝑳̅: (𝑑𝜺 − 𝑑𝜺𝑡ℎ − 𝑑𝜺𝑟𝑒𝑙 ) + (

𝜕𝑳̅

𝜕𝜙𝑓

𝜕𝑳̅

Constraint
Step

Recovery

| 𝜙𝑓 ′ +
𝑇

| ) : 𝑳̅−1 : 𝝈𝑟𝑒𝑐 𝑑𝑇

𝜕𝑇 𝜙𝑓

Δ𝑡

𝑡ℎ
𝑡𝑚
𝝈𝑡ℎ
𝑟𝑒𝑙𝑥 = 𝝈𝑒𝑓𝑓 (1 − exp(− 𝜏 ))𝜙𝑓
𝑡ℎ

Δ𝑡

𝝈𝑟𝑒𝑙
𝑟𝑒𝑙𝑥

= 𝝈𝑟𝑒𝑙 (1 − exp(− 𝜏 )) 𝜙𝑓𝑡𝑚

𝑑𝝈𝑟𝑒𝑙

𝜕𝑳
= 𝑳̅: (𝑑𝜺 − 𝑑𝜺𝑟𝑒𝑙 ) + 𝜕𝜙 | : 𝑳̅−1 : 𝝈𝑟𝑒𝑐 𝜙𝑓 ′ 𝑑𝑇

𝑟𝑒𝑙

̅

𝑓

𝑇

2.4 Numerical framework and parameter identification
The phase evolution law and the constitutive relations were coded and implemented into the
numerical programs to obtain the optimized values for each parameter. The flowchart for the
numerical treatment is illustrated in section 2.4.1. Detailed parameter identification procedures are
described in section 2.4.2.
2.4.1 Matlab flowchart
Our numerical treatment contains two parts: First, we used the “FindFit” function in
Mathematica to identify the optimized values for each parameter. Second, our model, together with
Liu’s model were coded and implemented into Matlab program to calculate and plot the simulation
results.
-

Programming/Cooling step

In this step, the experimental results of the stress response during cooling with a pre-strain
of 𝜀𝑝𝑟𝑒 = −9.1% were used to optimize the parameters in 𝜙𝑓𝑡𝑚 , which corresponds to frozen phase
volume fraction with both external mechanical and thermal work ( Δ𝐺𝑊 = 𝑔𝑡𝑤 + 𝑔𝑚𝑤 ). The
flowchart of the curve fitting procedures is outlined below:
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Figure 2-2 Flowchart of the curve fitting process for 𝜙𝑓𝑡𝑚 using Mathematica program.
In the following simulation part, this 𝜙𝑓𝑡𝑚 was used as the input frozen phase volume fraction
for all the programming and fully constraint recovery tests. Also, notice that, in the programming
procedure, the storage strain at each temperature increment 𝜀𝑠 (𝑇) was recorded for the future use.
-

Free recovery step

In this step, the experimental data of the free strain recovery test with a pre-strain of 𝜀𝑝𝑟𝑒 =
−9.1% was used to obtain 𝜙𝑓𝑡 , which corresponds to the frozen phase volume fraction with only
external thermal work Δ𝐺𝑊 = 𝑔𝑡𝑤 . The curve fitting process are outlined as follows:

Figure 2-3 Flowchart of the curve fitting process for 𝜙𝑓𝑡 using Mathematica program.
In the following simulation part, the optimized 𝜙𝑓𝑡 was used to reproduce all the free strain
recovery tests.

-

Fully constraint stress recovery step
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In this step, the parameters related to the stress relaxation were determined from the
stress recovery test result of the 𝜀𝑝𝑟𝑒 = −9.1% pre-strain specimen and curve fitting process are
illustrated below:

Figure 2-4 Flowchart of the curve fitting process for the parameters related to the stress relaxation
using Mathematica program.
The optimized parameters related to the stress relaxation (𝜏𝑡ℎ0 , 𝜃, 𝜏𝑟𝑒𝑙0 , 𝐶1 , 𝐶2 ) were used to
reproduce other stress recovery test.
2.4.2 Parameter determination
The test specimens were a commercial thermoset epoxy system, DP5.1 supplied by Composite
Technology Development (CTD), Inc. Some material parameters can be determined directly from
the standard thermomechanical measurements in [111]: the coefficient of thermal expansion for
the pure active and frozen phase is respectively 𝛼𝑎 = 1.8 × 10−4 /𝐾 and 𝛼𝑔 = 0.9 × 10−4 /𝐾; the
Young’s modulus is 𝐸𝑎 = (0.025𝑇)𝑀𝑃𝑎 for non-programmed active phase and 𝐸𝑓 = 750𝑀𝑃𝑎
for non-programmed frozen phase. As has been observed before [180, 189], the programming step
can change the elastic properties to some extents due to the volume change. We found that
variation values of ±7% in Young’s modulus for compressioned and tensioned samples are
reasonable. In the present work, both bulk and shear moduli are required. As suggested by
Gilormini and Diani [115], 𝜈𝑎 = 0.498 and 𝜈𝑓 = 0.4 are appropriate values for Poison’s ratio of
the active and frozen phases, respectively. The parameters related to the stress relaxation were
determined from the stress recovery test result of the 𝜀𝑝𝑟𝑒 = −9.1% pre-strain specimen [111].
The procedure to determine the parameters in the frozen phase volume fraction function is
more complicated, since these parameters are all related to the intrinsic material properties.
However, we have rather limited knowledge about the Epoxy system used in Liu’s work. In order
to prove the prediction ability of our model and retain the physical meaning of each parameter, we
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followed two steps to determine the parameter values: first, set up a rough initial guess based on
our knowledge for similar materials, and second, fit the model into the experimental results by Liu
et al. Both the initial guess and the allowable variation range are within the test results for the
similar material in the existing literature. For example, the surface energy for thermoset epoxy is
approximately 𝛾 = 0.05𝑁/𝑚 [190, 191]; the molecular chain density 𝑛 is roughly equal to the
cross-link density (number of cross-link points per unit volume) with a value of 5.9 × 1026 𝑚−3
used in Liu et al.’s model [111]; the reference temperature 𝑇𝑟 was taken as 200𝐾, which is an
average of the theoretical and experimental values [192, 193]; according to the recent experimental
results [160, 194, 195], the average size of the dynamic heterogeneous domains is of the order of
several nanometer and the initial value is taken to be 2𝑛𝑚; the product of Kuhn segments 𝑁 an
constant 𝐴 is estimated by the activation energy associated with the glass transition for the Epoxy
system and is set as 1000𝐾 [182, 196]. The volume fraction 𝜙𝑓𝑡 was fitted onto the strain recovery
test result with a pre-strain of 𝜀𝑝𝑟𝑒 = −9.1% and the volume fraction 𝜙𝑓𝑡𝑚 with both external
mechanical and thermal work was fitted onto the stress response curve during cooling with a prestrain of 𝜀𝑝𝑟𝑒 = −9.1%. The final values of these parameters are listed in Table 2-3.
Table 2-3 Parameters used for the present model.
Description
Parameters
Frozen phase volume fraction
Average size of the domains
𝑟̅ (𝑛𝑚)
Size deviation of the
domains when both external
𝛴𝑡𝑚 (𝑛𝑚)
thermal and mechanical
work are considered
Size deviation of the
domains when only external
𝛴𝑡 (𝑛𝑚)
thermal work is considered
Surface tension
𝛾(𝑁/𝑚)
Constant related to external
𝑐𝑡𝑚 (𝐽/(𝑚𝑚3 𝐾) )
thermal work density
External mechanical work
𝑔𝑚𝑤 (𝐽/𝑚𝑚3 )
density
Cross-link density
𝑛(𝑚−3 )
Number of Kuhn segments
𝑁
between two crosslinks
Constant related to the
linear dielectric
𝐴
spectroscopy of the material
Reference temperature
related to the linear
𝑇𝑟 (𝐾)
dielectric spectroscopy of
the material
Heating rate term
Δ𝑡/𝜏0
Thermomechanical properties
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Values
2.5
0.08

0.05
0.05
1.2 × 10−4
3.6 × 10−3
1.5 × 1025
250
4

200
1

Young’s modulus for active
phase
Young’s modulus for frozen
phase
Poison’s ratio for active
phase
Poison’s ratio for frozen
phase
Coefficient of thermal
expansion for active phase
Coefficient of thermal
expansion for frozen phase
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2.5 Results and discussions
In the work by Liu et al. [111], the SMP samples were programmed in uniaxial tension and
compression and were then recovered in unconstraint and fully constraint conditions. These
experimental results are frequently used for validation of the models established by other
researchers [113-115, 126], which have exhibit similar prediction abilities compared with the
model by Liu et al. Here, we also compare our modeling results with the experimental results
carried out by Liu et al. [111].
2.5.1 Comparison with experimental results
To have a general idea on the evolution law we discussed above, we first illustrate in Fig. 2-5
the frozen phase volume fraction functions 𝜙𝑓 in both cases with the external mechanical work
𝜙𝑓𝑡𝑚 and without the external mechanical work 𝜙𝑓𝑡 , together with the results obtained by Liu et al.
[111] as a comparison. Notice that the temperature has been normalized by the glass transition
temperature (343K) tested by Liu et al. (2006). As can be seen from Fig. 2-5, since both Liu’s
result and 𝜙𝑓𝑡 in this study were obtained from the free recovery test, they have very similar
behavior. With the external mechanical work, the transition starts earlier and is smoother.
Although Liu et al.’s phase evolution law possesses a simpler form, it is unable to account for the
different conditions due to the phenomenological nature of their model. Our phase evolution law,
on the contrary, instead of fitting directly onto the experimental results, starts from the fundamental
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physical law, uses the intrinsic parameters of the material, considers the influence of different
situations, and can accurately reproduce the frozen phase volume fraction in various cases.

Figure 2-5 Frozen phase volume fraction in both cases with and without the external mechanical
work (solid lines), together with the modeling result by Liu et al. [111] (dashed line).
Using the frozen phase volume fraction which considered the mechanical work 𝜙𝑓𝑡𝑚 , the stress
response during cooling can be reproduced. Fig. 2-6 shows modeling results of the stress responses
of the SMPs under different pre-strain conditions. The experiment carried out by Liu et al. and
their modeling results are also provided as a comparison. Clearly, our model shows a better
agreement with the experimental results as compared to their model. We believe that the more
obvious deviation of the model by Liu et al. from the experimental results is mainly due to the fact
that the mechanical work was not considered in their model.
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Figure 2-6 Modeling results for the stress responses of SMPs during cooling under different prestrain conditions.
It is noted that a slightly stiffer behavior at the lower temperatures can be observed for our
model as compared to the test results. The reason for this phenomenon is likely attributed the stiff
response of the Mori-Tanaka model used to predict the elastic properties of the polymer [109, 197].
At lower temperatures, the frozen phase and active phase is stiffer, leading to even stiffer response
by the model. Over estimation of the stiffness leads to consistent over estimation of stress at lower
temperatures.
Fig. 2-7 shows the modeling results for the free strain recovery tests of SMPs programmed by
different pre-strains. Both our model and Liu’s model exhibit good agreement with the
experimental results. However, a slightly stiffer behavior at the beginning of the transformation
can be observed for our model. One of the many reasons behind this phenomenon may be attributed
to our choice of spatial distribution of the frozen domains, that is, quasi-Gaussian distribution.
Integration of this quasi-Gaussian distribution (Eq. (2-8)) then leads to the error function which
determines mostly the behavior of the phase evolution law. Development of a more accurate, nonGaussian spatial distribution should be used in the future for a better description.
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Figure 2-7 Modeling results for the free strain recovery tests of SMPs programmed by different
pre-strains.

Figure 2-8 Modeling results for the constraint stress recovery tests of SMPs programmed by
different pre-strains.
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For the fully constraint stress recovery tests, the experimental and modeling results are
presented in Fig. 2-8. Both the present and Liu’s models show the ability to reproduce the trend of
the stress response in fully constrained condition. Notice that, by taking the stress relaxation into
consideration in our model, the stress response during fully constraint recovery of the compression
sample can be reproduced more accurately. Nevertheless, the relaxation mechanism may be
affected by the thermomechanical history. Therefore, when we use the relaxation parameters
obtained from the compression programmed sample to predict the stress recovery behaviors of the
un-deformed and tensioned samples, a certain deviation is observed (See Fig. 2-8).
2.5.2 Parametric study
As has been proved before [155, 198], the glass transition behavior of amorphous polymers
depends largely on their morphologies. In Fig. 2-9(a) and (b), the influence of the average domain
size 𝑟̅ and standard deviation of the domain size Σ defined in Eq. (2-8) are presented. The results
in Fig. 2-9(a) indicate that the larger the average domain size is, the earlier the transition starts.
This is because when the total dynamic heterogeneous domain volume is constant, the system that
consists of smaller domains has higher surface energy that need to be overcome. Therefore, smaller
sized domains need higher temperature to trigger the transition.
Fig. 2-9(b) shows that the larger standard deviation of the dynamic heterogeneous domain sizes
leads to smoother transition. This is because the larger standard deviation suggests wider
distribution of the domain sizes, from very small to very large. Consequently, the transition starts
at lower temperature (for larger domain size) and ends at higher temperature (for smaller domain
size). In other words, it leads to wider or smoother transition. Hence, a suitable morphology of the
polymer is a prerequisite for the proper glass transition behavior.
Another important aspect that affects the phase evolution is the external mechanical work.
Although a more accurate method is needed to quantify this portion of work, its necessity has been
demonstrated in the above section. As a matter of fact, the stress induced glass transition
phenomena has been observed before [169, 171] which provides a solid foundation for our model.
As can be seen from Fig. 2-9(c), when the external mechanical work is large enough, the frozenactive phase transition can be triggered at a temperature well below the glass transition temperature.
Therefore, by taking the external mechanical work into consideration, the cold programming
(program the sample at a temperature lower than the glass transition temperature) shape memory
effect can also be explained from the point of view of the phase transition. In other words, owing
to the large mechanical work during cold-programming [44], the glass transition temperature has
been significantly reduced. Hence, the actual programming temperature is not as cold as it seems.
As has been pointed out in Liu et al.’s work, the heating rate is also a significant factor that
determines the phase evolution behavior. In Liu’s work, the observation time is comparable with
the internal transition time; as a result, the heating was not reflected in their case. However, as
shown in Fig. 2-9(d), if the heating rate is too high, the phase transition may not have enough time
to complete. In other words, the shape memory effect cannot be fully displayed in the short
observation time.
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(Figure 2-9 continued)

Figure 2-9 Prediction of frozen phase fraction with (a) average domain size 𝑟̅ ; (b) standard
deviation of the domain size Σ; (c) external mechanical work density 𝑔𝑚𝑤 ; (d) heating rate Δ𝑡/𝜏0 .
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2.6 Conclusions
The phase transition model is one of the most widely used constitutive models for designing
amorphous SMPs due to its ease of application. However, a major concern is the lack of physical
basis for the curve-fitted phase evaluation law. In this paper, a new physics based phase evaluation
law is formulated. The formulation is based on the concept that amorphous SMPs are a two-phase
composite material. The free energy change during the programming and recovery governs the
shape fixity and shape recovery. The different boundary conditions during free shape recovery and
constrained stress recovery are modeled separately. The modeling results are compared with the
test and modeling results found in the literature. Parametric studies are also conducted based on
the validated model. The following conclusions are obtained:
(1) The model reasonably captured the shape fixity and shape recovery process, governed by clear
physics.
(2) It is found that the dynamic heterogeneous domain size distribution has a significant effect on
the memory effect.
(3) External mechanical work, which is not considered in previous models, also has a significant
effect on the phase evolution, hence, the shape memory behavior. It also provides new insight
into the cold programming principles.
(4) The shape recovery depends on the heating rate. The observation time must be sufficient in
order to fully demonstrate the shape memory capability.
While this work focused on amorphous SMPs, the principle and procedure can be easily used
in modeling semi-crystalline SMPs, and even polymeric artificial muscles with similar phase
transitions.
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CHAPTER 3
THERMOMECHANICAL MODELING OF
SEMICRYSTALLINE TWO-WAY SHAPE MEMORY
POLYMERS
This phenomenological model facilitated the interpretation of 2W-SME and provided some
insights into the future design of SMPs with true or advanced 2W-SME. SMPs with true or
advanced 2W-SME would enhance the scope of applications of SMPs in engineering structures
and devices.
3.1 Introduction
A constitutive model is of great benefit to facilitate interpretation and design of 2W-SMP.
Although 2W-SME has been realized in polymer systems for almost a decade, the number of
published works dedicated to constitutive modeling, especially for true 2W-SME, is still rare. The
main mechanism of 2W-SME in semicrystalline polymers, or more specifically, elongation upon
crystallization and contraction upon melting, is due to the stress-induced crystallization (SIC),
which is referred to the fact that the tendency for a polymer to crystallize may be greatly enhanced
by deformation. This stress induced crystallization phenomenon has been discovered in polymer
system for decades. On the basis of stress-induced crystallization, a phenomenological onedimensional constitutive model was first developed by Westbrook et al. [147] for the quasi 2WSME, where the semicrystalline switching domain is idealized as an aggregate of rubbery (R) and
crystalline (C) phases acting in parallel. Then, a generalized three-dimensional thermodynamic
framework was proposed by Hall et al. [199]. A novel theoretical approach based on three element
thermomechanical model has been proposed recently by Dolynchuk, et al. [68]. The model took
in consideration the viscoelastic deformation of entangled slipping macromolecules using a
Kelvin-Voigt element and the effect of cross-link density, by calculating the free energy change
of a molecule chain between two neighboring cross-links upon crystallization/melting
transformation. Although the quasi 2W-SME in some semicrystalline polymers can be reproduced
using these models, the true 2W-SME has not been accounted for. Because of the scientific and
technological importance of true 2W-SME, it is highly desired to establish a constitutive
framework to guide future design and synthesis of 2W-SMPs, particularly true 2W-SMEs achieved
through mechanical manipulating or programming.
This present work aims at developing a 3D constitutive model that is able to reproduce the true
2W-SME. The paper is organized as follows. Section 3.1 introduces the background and
motivations for this study. In Section 3.2, the basic kinematics and balance relations are given.
This is followed by the constitutive model development in Section 3.3. The model is then validated
by applying to the poly(ethylene-co-vinyl acetate) (PEVA) based 2W-SMP in Section 3.4 and
some discussions on the mechanism of true 2W-SME are given per the validated model. Finally,
in Section 3.5, the important results and findings are summarized.
3.2 Kinematics
Consider a body ℬ in a reference configuration 𝒦0 . Let 𝑿 denote a typical position of a
material point in 𝒦0 . Let 𝒦𝑡 be the configuration of the body at a time 𝑡 . Then the motion
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𝒳𝒦0 maps each particle 𝑿 in the configuration 𝒦0 to a position 𝒙 in the configuration 𝒦𝑡 at time 𝑡,
i.e.,
𝒙 = 𝒳𝒦0 (𝑿, 𝑡)
(3-1)
This motion can be attributed to external thermal treatment, mechanical loading or
configuration relaxation. The deformation gradient 𝑭𝒦0 is defined through:
𝑭𝒦0 =

𝜕𝒳𝒦0
𝜕𝑿

(3-2)

The left and right Cauchy-Green stretch tensors are defined through:
𝑩𝒦0 = 𝑭𝒦0 𝑭𝑇𝒦0

(3-3a)

𝑪𝒦0 = 𝑭𝑇𝒦0 𝑭𝒦0

(3-3b)

Any acceptable process has to satisfy the appropriate conservation laws. The conservation
equations appropriate for studying a mechanical process are the conservation of mass, and linear
and angular momentum. We assume that the material is incompressible and consequently the
conservation of mass reduces to:
div(𝒗) = 0

(3-4a)

where 𝒗 is the velocity. The conversation of linear momentum leads to:
𝜕𝒗

𝜌 [ 𝜕𝑡 + 𝑳𝒗] = div(𝝈) + 𝜌𝒃

(3-4b)

where 𝜌 is the density, 𝑳 = grad(𝒗) = 𝑭̇𝑭−1 is the velocity gradient, 𝑻 is the stress tensor, and 𝒃
is the body force. The conservation of angular momentum requires that the stress tensor be
symmetric. For an incompressible material, the stress tensor 𝑻 reduces to:
𝝈 = −𝑝𝑰 + 𝝈𝜀

(3-5)

where 𝑝 is the indeterminate part of the stress due to the constraint of incompressibility, and 𝑻𝜀 is
constitutively determined extra stress.
3.3 Constitutive Model
As is customary in dealing with thermomechanical deformation, the overall deformation
gradient 𝑭 can be decomposed through a multiplicative decomposition scheme:
𝑭 = 𝑭𝑚 𝑭 𝑡

(3-6)

where 𝑭𝑡 is the thermal deformation and 𝑭𝑚 is the mechanical deformation. As has described
above, in a chemically cross-linked semicrystalline polymer system, which is the focus in this
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study, the reversible actuation is attributed to the switching domains in the cross-linked stable
network. In addition to that, some of the molecular chains may not be cross linked and thus may
lead to irreversible deformation upon loading. Therefore, the mechanical deformation 𝑭𝑚 can be
further decomposed into two parts: reversible component 𝑭𝑟 and irreversible component 𝑭𝑖𝑟 . With
the assumption of uniform stress field distribution throughout the body, we thus have:
𝑭𝑚 = 𝑭𝑟 𝑭𝑖𝑟

(3-7a)

𝝈 = 𝝈𝒓 = 𝝈𝒊𝒓

(3-7b)

In what follows, these components are addressed individually.
3.3.1 Thermal component
For an orthotropic material with the principal axes of orthotropy parallel to unit vectors𝒎, 𝒏
and 𝒎 × 𝒏, the thermal deformation gradient 𝑭𝑡 is specified by:
𝑭𝑡 = 𝜗𝑰 + (𝛽 − 𝜗)𝒎 × 𝒎 + (𝛾 − 𝜗)𝒏 × 𝒏

(3-8)

here, the stretch ratios due to thermal expansion in the orthogonal principle directions 𝒎, 𝒏 and
𝒎 × 𝒏 are 𝛽, 𝛾 and 𝜗, respectively. 𝑰 is the second order unit tensor.
3.3.2 Reversible component
The reversible component for 2W-SMP is attributed to the thermomechanical responses of the
switching phase. For switching phase consists of semi-crystalline switching domains, as in our
case, this component is typically decomposed into amorphous phase and crystalline phase. The
volume fraction of each phase varies with temperature, i.e., crystallization upon cooling and
melting upon heating. As stated above, the main mechanism of 2W-SME is due to the stressinduced crystallization (SIC). Specifically, SIC contributes to 2W-SME from two aspects. First,
anisotropy can be introduced to crystalline phases formed during crystallization process via
(external or internal) stress, and hence to the final solid. This anisotropy is determined by the
deformation in the amorphous phase at the instant of crystallization. On the basis of this fact, a
phenomenological modeling framework named “multiple natural configurations” has been
developed using a continuum theory. This approach has been applied to a large class of materials:
twinning [200], traditional plasticity [201], solid to solid phase transformation [202], and most
recently semi-crystalline one-way shape memory polymers [203-205]. In Fig. 3-1, we illustrate
how the natural configurations evolve along the thermomechanical path. The other contribution
from SIC is that crystallization kinetics in polymer can be greatly enhanced by deformation [206].
The reason for this effect is fairly obvious. When the polymer having a network structure is
stretched, chains between network junctions are deformed to their most probable configurations,
most of them being oriented. The configurational entropies of these chains consequently are
decreased. Less entropy remains to be sacrificed in passing to the crystalline state. According to
thermodynamic theory, crystallization will occur when 𝜃∆𝑆𝑓 < ∆𝐻𝑓 , where ∆𝑆𝑓 is the change in
entropy, ∆𝐻𝑓 is the change in enthalpy, and 𝜃 is the absolute temperature. As a result,
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crystallization may develop at a higher temperature with smaller ∆𝑆𝑓 . Accordingly, by the end of
the crystallization process, more crystallites will be formed to “memorize” the shape. It is worth
mentioning that the increase in melting temperature is noticeable only when the stress is large
enough and this stress can be either in the form of external stress, or internal stress introduced by
programming procedure. This becomes one of the important reasons that a critical programming
stress must be reached to realize true 2W-SME. In the following, both of these contributions from
SIC to the constitutive relationship of the reversible component will be elaborated in detail.

Figure 3-1 Illustration of configuration evolution for a material body that is initially in the
amorphous state 𝒦a . The final observation was taken at time 𝑡, when the material can be in either
amorphous or crystalline state. Various thermomechanical paths can lead the initial configuration
to the final configuration: 𝒦a can be deformed 𝑭𝑎 (𝑡) and remains in the amorphous state 𝒦a (𝑡),
or it can be deformed first (e.g. 𝑭𝑎 (𝑡1 ) or 𝑭𝑎 (𝑡 ′ )), then subjected to crystallization and forms new
natural configuration (e.g. 𝒦c(t1 ) or 𝒦c(t′ ) ), and finally, from this new configuration, it can be
further deformed (e.g. 𝑭𝑐(𝑡1 ) or 𝑭𝑐(𝑡 ′ ) ) to the final crystalline state 𝒦c (𝑡). Notice the deformation
gradient designation: 𝑭𝑎 (𝑡) indicates the deformation is measured at time 𝑡, while 𝑭𝑐(𝑡 ′ ) means
the deformation is measured from the crystalline natural configuration that was formed at time 𝑡 ′ .
Crystallization process starts from time 𝑡1 and goes through an intermediate time 𝑡 ′ . Subscript “a”
means amorphous and “c” stands for crystal.
-

Amorphous phase with single natural configuration

In our work, the amorphous phase is considered to possess a single natural configuration,
regardless of the thermomechanical history. Polymers exhibiting rubber-like elasticity are usually
modeled as incompressible hyper-elastic materials. In general, the Cauchy stress for an
incompressible hyper-elastic materials can be written in:
𝜕𝜓

𝝈 = −𝑝𝑰 + 2𝑭𝑎 𝜕𝑪 𝑎 𝑭𝑇𝑎
𝑎

(3-9)

where 𝑭𝑎 is the deformation gradient measured from the fixed reference configuration to the
current configuration (See Fig. 3-1). 𝜓𝑎 is the Helmholtz potential function which specifies the
particular material model. Many such models are available in the literature, such as Neo-Hookean
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model, the Mooney-Rivilin model, and so on. More details on the constitutive relationships for
rubber-like materials can be found in [207, 208]. In this work, we assume that the rubbery
amorphous component is isotropic, and based on Neo-Hookean model, the constitutive
relationship reduces to:
𝝈 = −𝑝𝑰 + 𝜇𝑎 𝑩𝑎

(3-10)

where 𝜇𝑎 is a constant for the amorphous phase modulus.
-

Semi-crystalline phases with multiple natural configurations

Once the crystallization process starts from time 𝑡1 , a fraction of the deformed amorphous
domains will evolve into crystallites. For these newly born crystallites, it is believed that they are
formed in a stress-free state [209] and can be treated as elastic solid thereafter. The stress for an
elastic solid depends on the deformation gradient from the stress-free reference configuration to
the current configuration (e.g. 𝑭𝑐(𝑡1 ) or 𝑭𝑐(𝑡 ′ ) in Fig. 3-1). The stress-free configuration, along
with the anisotropy of a crystalline phase is determined by the deformation in the amorphous phase
at the instant of formation of this crystallite. It is worth mentioning that crystallization takes place
in a gradual manner, instead of occurring instantly. As such, during the cooling process, individual
amorphous phases are crystallized at different times, thus “freeze in” different deformation
histories (such as 𝒦𝑐(𝑡1 ) and 𝒦𝑐(𝑡 ′ ) in Fig. 3-1) from the corresponding amorphous phases, and
finally end up with different deformation responses and constitutive relationships in different
phases. Hence, this modeling framework is named as “multiple natural configurations”. In order
to specify the constitutive relationships for this mixture, some assumptions have to be made for
the sake of clarity. We allow co-occupancy of the phases in an averaged sense as is done in
traditional mixture [205, 210]. In addition, we assume that the amorphous and crystalline
constituents are constrained to move together. Finally, by assuming that the Helmholtz potential
of different phases are additive, the general expression for the stress in the mixture at time 𝑡 during
the crystallization process is:
𝑡

𝑑𝛼

𝝈 = −𝑝𝑰 + (1 − 𝛼)𝜇𝑎 𝑩𝑎 + ∫𝑡 𝓰𝑐(𝑡 ′ ) (𝑭𝑐(𝑡 ′ ) ) 𝑑𝑡 ′ 𝑑𝑡 ′
1

(3-11)

where 𝓰𝑐(𝑡 ′ ) (𝑭𝑐(𝑡 ′ ) ) is the constitutive relationship function for the crystallite formed at time 𝑡 ′ ,
and can be of an anisotropic elastic solid;  is the volume fraction of the newly formed crystallites.
As stated above, the anisotropy of the newly formed crystallites is determined by the
orientation of the amorphous phase at the time of crystallization. More specifically, suppose
𝑩𝑎 (𝑡 ′ ) is the stretch tensor for an amorphous phase immediately before it is crystallized, we can
use the three mutually perpendicular principal directions to determine the directions of anisotropy
in the elastic solid. It seems appropriate that under the unequal stretch in three principal directions,
the solid will have orthotropic form of anisotropy, of which directions can be quantified by two of
̂ 𝑐(𝑡 ′ ) and 𝒏
̂ 𝑐(𝑡 ′ ) . In general, 𝒎
̂ 𝑐(𝑡 ′ ) and 𝒏
̂ 𝑐(𝑡 ′ ) varies with time.
the three eigenvectors of 𝑩𝑎 (𝑡 ′ ), 𝒎

46

Without going into further details, for incompressible orthotropic elastic solid, the functional
form 𝓰𝑐(𝑡 ′ ) can take the following [204]:
𝓰𝒄(𝒕′ ) (𝑭𝑐(𝑡 ′ ) ) = 2𝑐1 𝑩𝑐(𝑡 ′ ) +
̂ 𝑐(𝑡 ′ ) × 𝒎
̂ 𝑐(𝑡 ′ ) + 𝑐3 (𝐾1 − 1)𝒏
̂ 𝑐(𝑡 ′ ) × 𝒏
̂ 𝑐(𝑡 ′ ) ]𝑭𝑇𝑐(𝑡 ′ )
4𝑭𝑐(𝑡 ′ ) [𝑐2 (𝐽1 − 1)𝒎

(3-12)

here, 𝐽1 and 𝐾1 are invariants of the right Cauchy-Green stretch tensor given by:
̂ 𝑐(𝑡 ′ ) ⋅ 𝑪𝑐(𝑡 ′ ) 𝒎
̂ 𝑐(𝑡 ′ )
𝐽1 = 𝒎
̂ 𝑐(𝑡 ′ ) ⋅ 𝑪𝑐(𝑡 ′ ) 𝒏
̂ 𝑐(𝑡 ′ )
𝐾1 = 𝒏

(3-13a)
(3-13b)

𝑐𝑖 ′𝑠 are material constants for the elastic solid that depend on the eigenvalues of 𝑩𝑎 (𝑡 ′ ). If all three
eigenvalues are distinct, then the solid born at this instant is orthotropic and all three 𝑐𝑖 ′𝑠 are nonzero. If two of the eigenvalues are the same and different from the third, then the formed solid is
̂ 𝑐(𝑡 ′ ) is the eigenvector associated with the eigenvalue that is
transversely isotropic. Suppose 𝒎
different from the two others, then 𝑐1 and 𝑐2 are non-zero and 𝑐3 vanishes. If all three eigenvalues
are the same, then the new born solid becomes isotropic and the only non-zero material constant
is 𝑐1.
Another process that involves evolution of natural configurations is the melting process. As
temperature increases, a fraction of the crystalline phase jumps back to amorphous phase. At this
moment, this phase recalls its original natural configuration in the amorphous state. This results in
stress re-distribution throughout the material and overall deformation due to boundary constraints.
Since different crystalline phases have different natural configurations and deformation responses
after crystallization process, melting of different phases will thus end up with different overall
responses. It is therefore necessary to track which fraction of the solid is melting at a given time.
A straightforward strategy is to assume that the solids formed last melt first. That is to say, at a
certain time 𝑡 during the melting process, if the crystallinity is the same with that during the
crystallization process at time 𝑡 ∗ , then, the natural configuration distributions at both instants can
be considered equivalent. Accordingly, the constitutive relationship for the melting process at time
𝑡 can be expressed by changing the upper limit of the integral in Eq. (3-11) into the corresponding
time 𝑡 ∗ .
-

Phase evolution law

From a physics perspective, polymer begins to crystallize when the activation criterion is met
and the rate of crystallization is determined by the thermomechanical conditions. A plethora of
models have been developed to describe this process. Here in our work, for the sake of simplicity,
we directly prescribe the phase evolution law using a phenomenological equation:
𝑑𝛼𝑐 (𝑡)
𝑑𝑡

= 𝑅(∆𝜃)(𝛼∞ − 𝛼𝑐 (𝑡))

(3-14a)

𝑅(∆𝜃) = 𝐴1 ∆𝜃 𝐴2

(3-14b)

47

∆𝜃 = 𝜃𝑚 − 𝜃

(3-14c)

where 𝛼∞ is the ultimate crystallinity, 𝐴1 and 𝐴2 are constants, and 𝜃𝑚 is the melting temperature.
As stated in the introduction, SIC affects the crystallization kinetics by shifting the equilibrium
0
melting temperature 𝜃𝑚
to a higher value 𝜃𝑚 . The effect of stress on the crystallization process
becomes prominent only when the stress exceeds a critical value. However, in the extremely high
stress range, when the molecules are fully extended, any further increase in the stress will not cause
further orientation of the polymer molecules. The effect of stress on the crystallization process in
the high stress range should thus tend to a constant value.
To describe the non-isothermal stress induced crystallization kinetics, a simplified model
proposed by Guo et al. [211] has been adopted. In their work, the phenomenological relationship
between the equilibrium crystallization temperature shift 𝜃𝑠ℎ𝑖𝑓𝑡 and the shear stress 𝜏̅ can take the
simple form:
𝐴

𝜃𝑠ℎ𝑖𝑓𝑡 = 𝐴3 exp (− 𝜏̅ 4 )
𝑎

(3-15)

where 𝐴3 and 𝐴4 are fitting parameters. Notice that, in our work, the shear stress 𝜏̅𝑎 (𝑡) is taken as
the effective shear stress acting on the amorphous phase, which is determined by 𝑩𝑎 (𝑡).
3.3.3 Irreversible component
A large strain imposed during the programming procedure will render a plastic irreversible
deformation. Since the programming stress is applied at an elevated temperature and the stress is
much lower than the tensile strength of the material, we believe that the irreversible deformation
is mostly caused by the local re-arrangement of the amorphous molecules above melting
temperature, such as rotation, sliding and un-entanglement. Upon cooling, the mobility of the
molecules, and hence their ability to re-arrange are diminished. Therefore, the plastic flow slows
down as temperature decreases. In this work, a plastic shear strain rate 𝛾𝑖𝑟̇ is given to help
constitutively prescribe the plastic stretch rate 𝑫𝑖𝑟 , which is the symmetric part of the velocity
gradient 𝑳𝑖𝑟 :
̂
𝑫𝑖𝑟 = 𝛾𝑖𝑟̇ 𝒏

(3-16)

̂ is the unit vector along the deviatoric portion of the driving stress dev(𝑻∗𝑖𝑟 ) and this
where 𝒏
relationship indicates that the plastic stretch rate scales with the plastic shear strain rate and evolves
∗
in the direction of the driving stress. The driving force is defined as 𝝈𝒊𝒓
= 𝝈𝒊𝒓 − 𝝈𝒃 , where 𝝈𝑏 is
the back stress to account for the strain hardening effect. In particular, we assume that the back
stress is proportional to the plastic deformation 𝛾𝑖𝑟 and decreases with temperature. For the flow
rule, a strain rate insensitive power law for the effective shear stress 𝜏̅𝑝 dependence [212] and an
Arrhenius type expression for the temperature dependence are used:
𝜏̅

𝛾𝑖𝑟̇ = 𝛾̇ 0 ( 𝜏𝑖𝑟 )
0

𝑛𝑖𝑟

𝑈

exp (− 𝑘 𝑖𝑟𝜃)
𝐵
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(3-17)

here, 𝛾̇ 0 is the reference shear strain rate; 𝜏̅𝑖𝑟 = ‖dev(𝝈∗𝑖𝑟 )‖/√2 is defined as the equivalent shear
stress; 𝑛𝑖𝑟 is the rate exponent; 𝜏0 is the reference shear strength; 𝑈𝑖𝑟 is the flow activation energy
and 𝑘𝐵 is the Boltzmann constant.
3.4 Application to specific programming-working cycle
In this work, we used chemically cross-linked poly(ethylene-co-vinyl acetate) (cPEVA) based
2W-SMP to validate our model. The 2W-SMP was tension programmed (with 𝜃𝑝𝑟𝑜𝑔 = 50℃ and
𝜃𝑙𝑜𝑤 = 0℃) using different programming stresses (0.95𝑀𝑃𝑎, 1𝑀𝑃𝑎, 1.05𝑀𝑃𝑎), followed by the
same working cycle condition (𝜃𝑤𝑜𝑟𝑘 = 40℃). We first derived the formulation for this specific
thermomechanical condition.
3.4.1 General expressions for uniaxial extension
In our two-way shape memory effect experiment, the samples were subjected to uniaxial
extension with constant load (or zero load) and this is also a commonly encountered condition in
polymer processing. This loading condition leads to three results that can greatly simplify the
formulation: first, the deformation can be considered homogeneous throughout the material body;
̂ 𝑐(𝑡 ′ ) and 𝒏
̂ 𝑐(𝑡 ′ ) remain constant through the process and 𝒎
̂ 𝑐(𝑡 ′ ) is
second, the eigenvectors 𝒎
along the stretching direction; third, the solid formed is transversely isotropic, albeit in an averaged
sense, thus 𝑐3 vanishes in Eq. (3-12). In our work, we will focus on this simple extension case. We
require incompressible condition to each component of the material (thermal, reversible and
irreversible components) and the stress applied to the material is 𝝈 = diag(𝜎, 0 , 0).
-

Thermal Component.

The coefficient of thermal extension in the axial direction is assumed to be linear temperature
dependent and can be determined using DMA.
-

Reversible Component.

Under uniaxial extension, the deformation gradients for a material at amorphous and crystalline
state are, respectively:
1

𝑭𝑎 (𝑡) =

𝜆 (𝑡)

𝜆 (𝑡 ′ )

)

(3-18a)

𝜆 (𝑡 ′ )

𝑭𝑐(𝑡 ′ ) (𝑡) = diag(𝜆 𝑟(𝑡 ′ ) , √ 𝜆𝑟 (𝑡) , √ 𝜆𝑟 (𝑡) )

(3-18b)

𝑩𝑎 (𝑡) = 𝑪𝑎 (𝑡) = diag(𝜆2𝑟 (𝑡), 1/𝜆𝑟 (𝑡), 1/𝜆𝑟 (𝑡) )

(3-18c)

𝑟

and

1

−
−
diag(𝜆𝑟 (𝑡), 𝜆𝑟 2 (𝑡), 𝜆𝑟 2 (t)

𝑟

𝜆 (𝑡)

𝑩𝑐(𝑡 ′ ) (𝑡) = 𝑪𝑐(𝑡 ′ ) (𝑡) = diag((𝜆 𝑟(𝑡 ′ ))2 ,
𝑟

𝜆 (𝑡)

Thus, the invariant 𝐽1 = (𝜆 𝑟(𝑡 ′ ))2 .
𝑟
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𝑟

𝜆𝑟 (𝑡 ′ ) 𝜆𝑟 (𝑡 ′ )
𝜆𝑟 (𝑡)

,

𝜆𝑟 (𝑡)

)

(3-18d)

The constitutive relationship function for the crystallite formed at time 𝑡 ′ becomes:
𝜆 (𝑡) 2

𝜆 (𝑡) 2

𝓰𝑐(𝑡 ′ ) = 2𝑐1 𝑩𝑐(𝑡 ′ ) + 4𝑐2 (𝜆 𝑠(𝑡 ′ )) diag((𝜆 𝑠(𝑡 ′ )) − 1, 0, 0)
𝑠

𝑠

(3-19)

Take Eq. (3-19) back to Eq. (3-12), together with the stress free condition on the lateral surfaces,
the stress-deformation relationship in the stretching direction is:
1
)
𝑟 (𝑡)

𝜎11 = 𝜎 = (1 − 𝛼𝑐 )𝜇𝑎 (𝜆2𝑟 (𝑡) − 𝜆

𝑡
𝜆 (𝑡) 4
+4𝑐2 ∫𝑡 ((𝜆 𝑟(𝑡 ′ ))
1
𝑟

−

𝜆 (𝑡) 2 𝑑𝛼
(𝜆 𝑟(𝑡 ′ )) ) 𝑑𝑡 ′𝑐 𝑑𝑡 ′
𝑟

𝑡

𝜆 (𝑡) 2

+ 2𝑐1 ∫𝑡 ((𝜆 𝑟(𝑡 ′ )) −
1

𝑟

𝜆𝑟 (𝑡 ′ ) 𝑑𝛼𝑐
)
𝑑𝑡 ′
𝜆𝑟 (𝑡) 𝑑𝑡 ′

(3-20)

The phase evolution rule is determined by Eqs. (3-14) and (3-15), with the effective shear stress
in amorphous phase 𝜏̅𝑎 =
-

√2
𝜇
3 𝑎

1
).
𝑟 (𝑡)

(𝜆2𝑟 (𝑡) − 𝜆

Irreversible component.
Under uniaxial extension, the deformation gradient is in the form:
1

−

−

1

𝑭𝑖𝑟 = diag(𝜆𝑖𝑟 , 𝜆𝑖𝑟2 , 𝜆𝑖𝑟2 )

(3-21a)

which leads to
3

−

−

3

1
1
𝑭̇𝑖𝑟 = diag(𝜆̇𝑖𝑟 , − 2 𝜆𝑖𝑟2 𝜆̇𝑖𝑟 , − 2 𝜆𝑖𝑟2 𝜆̇𝑖𝑟 )
̇

̇

(3-21b)
̇

𝜆𝑖𝑟
1 𝜆𝑖𝑟
1 𝜆𝑖𝑟
𝑫𝑖𝑟 = [𝑭̇𝑖𝑟 𝑭−1
𝑖𝑟 ]𝑠𝑦𝑚 = diag(𝜆 , − 2 𝜆 , − 2 𝜆 )
𝑖𝑟

𝑖𝑟

𝑖𝑟

(3-21c)

According to Eq. (3-16), the viscous deformation should satisfy:
𝜆̇𝑖𝑟
𝜆𝑖𝑟

=

√6
𝛾̇
3 𝑖𝑟

(3-22a)

with initial condition 𝜆𝑝 (0) = 1 and 𝛾̇𝑝 satisfies the prescribed flow rule:
𝑛𝑖𝑟

𝜏̅

𝛾̇ 𝑖𝑟 = 𝛾̇ 0 ( 𝜏𝑖𝑟 )
0

here, 𝜏̅𝑖𝑟 =

√3
(𝜎
3

𝑈

exp (− 𝑘 𝑖𝑟𝜃)
𝐵

(3-22b)

− 𝜎𝑏 ) and the back stress is assumed to have the form of 𝜎𝑏 = 𝐶𝑏1 𝜆𝑖𝑟 − 𝐶𝑏2 𝜃.
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The shape memory effect experiments generally include two procedures: programming and
working procedures. Each procedure consists of different thermomechanical steps. In the
following sections, we will derive the equations for different stages.
3.4.2 Step by step expressions for the programming-working cycle
-

Heating up to 𝜽𝒑𝒓𝒐𝒈 (P1) then loading and holding at 𝝈𝑷𝟐 (P2  P3).

At the beginning of the programming procedure, the sample is heated up to 𝜃𝑝𝑟𝑜𝑔 at zero stress,
thus only the thermal component deforms:
𝑡

𝑑𝜃

𝜆𝑡 (𝑡) = 1 + ∫0 𝛼𝑡 (𝜃) 𝑑𝑡 ′ 𝑑𝑡 ′

(3-23)

where 𝛼𝑡 (𝜃) is the coefficient of thermal expansion. Afterwards, the applied stress is increased
stepwise from zero to the designated programming stress 𝜎𝑃2 at 𝜃𝑝𝑟𝑜𝑔 . In a general case, the
sample is considered to have a crystallinity of 𝛼𝑃1 that does not melt at 𝜃𝑝𝑟𝑜𝑔 and we assume that
the solids remain in the materials formed without different deformation histories, i.e., 𝜆𝑟 (𝑡 ′ ) ≡ 1.
In such a case, the stress 𝜎 in the mixture is given by:

𝜆2𝑟 (𝑡))]

1
)
𝑟 (𝑡)

𝜎(𝑡) = (1 − 𝛼𝑃1 )𝜇𝑎 (𝜆2𝑟 (𝑡) − 𝜆

1
)
𝑟 (𝑡)

+ 𝛼𝑃1 [2𝑐1 (𝜆2𝑟 (𝑡) − 𝜆

+ 4𝑐2 (𝜆4𝑟 (𝑡) −
(3-24)

This equation holds in step P2 and P3 until the crystallization starts at 𝑡1 upon cooling in step P4.
The same stress also applies to the irreversible component and the viscoplastic deformation is
determined by Eqs. 3-22.
In our experiment where the stress 𝜎 is specified, the deformations for each component are
therefore readily to be solved using the above equations.
-

Cooling down to 𝜽𝒍𝒐𝒘 with constant stress (P4).

According to Eq. 3-20, the stress-stretch relation during the crystallization procedure in the
reversible component is re-written as:
1
)
𝑟 (𝑡)

𝜎 = (1 − 𝛼𝑐 (𝑡))𝜇𝑎 (𝜆2𝑟 (𝑡) − 𝜆
+2𝑐1 (𝜆2𝑟 (𝑡)𝐿1 − 𝜆

1

𝑟 (𝑡)

1
)
𝑟 (𝑡)

+ 𝛼𝑃1 [2𝑐1 (𝜆2𝑟 (𝑡) − 𝜆

𝐿2 ) + 4𝑐2 (𝜆4𝑟 (𝑡)𝐿3 − 𝜆2𝑟 (𝑡)𝐿1 )

+ 4𝑐2 (𝜆4𝑟 (𝑡) − 𝜆2𝑟 (𝑡))]
(3-25)

where 𝐿1 , 𝐿2 and 𝐿3 are integrals that contain information about the natural configuration
evolution history and are defined by:
𝑡

2 𝑑𝛼
1
𝑐
′
)
′)
′ 𝑑𝑡
(𝑡
𝑑𝑡
𝑟

𝐿1 (𝑡) = ∫𝑡 (𝜆
1
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(3-26a)

𝑡

𝑑𝛼

𝐿2 (𝑡) = ∫𝑡 𝜆𝑟 (𝑡 ′ ) 𝑑𝑡 ′𝑐 𝑑𝑡 ′

(3-26b)

1

𝑡

4 𝑑𝛼
1
𝑐
)
𝑑𝑡 ′
′)
′
(𝑡
𝑑𝑡
𝑟

𝐿3 (𝑡) = ∫𝑡 (𝜆
1

(3-26c)

The phase evolution rule is described in Section 3.3.2, with initial value of 𝛼0 .
-

Unloading at 𝜽𝒍𝒐𝒘 (P5).

At this stage, the effective cross-linked network in the reversible component is a mixture of
amorphous and crystalline phases with different natural configurations. We assume that during the
unloading step, the crystalline phase does not evolve further. In the experiment, the stress is
unloaded instantly. The expression for the stretch is then reduced to:
1
1
) + 𝛼𝑃1 [2𝑐1 (𝜆2𝑟 (𝑡) − 𝜆 (𝑡))
(𝑡)
𝑟
𝑟
4𝑐2 (𝜆4𝑟 (𝑡)𝐿3 (𝑡2 ) − 𝜆2𝑟 (𝑡)𝐿1 (𝑡2 ))

0 = (1 − 𝛼𝑃4 )𝜇𝑎 (𝜆2𝑟 (𝑡) − 𝜆
+2𝑐1 (𝜆2𝑟 (𝑡)𝐿1 (𝑡2 ) − 𝜆

1

𝑟 (𝑡)

𝐿2 (𝑡2 )) +

+ 4𝑐2 (𝜆4𝑟 (𝑡) − 𝜆2𝑟 (𝑡))]
(3-27)

where 𝛼𝑃4 is the crystalline fraction after step P4 before unloading at time 𝑡2 and the upper limit
for the integrals 𝐿1 , 𝐿2 and 𝐿3 change to 𝑡2 . The programming procedure is completed with the
unloading process, and the crystallinity 𝛼𝑐 and the natural configuration evolution history 𝐿# ’s
should be recorded, so that they could be recalled during the following working cycle.
-

Heating up to 𝜽𝒘𝒐𝒓𝒌 (W1).

As stated above, during the melting process, to track the configuration evolution of the phases,
the first step is to identify the corresponding time 𝑡 ∗ during crystallization process in step P4, at
which the material has the same crystalline fraction with current time 𝑡 in the melting process W1.
Then, the expression for the stress-stretch relationship can be written as:
1
1
) + 𝛼𝑃1 [2𝑐1 (𝜆2𝑟 (𝑡) −
) + 4𝑐2 (𝜆4𝑟 (𝑡) − 𝜆2𝑟 (𝑡))]
𝜆𝑟 (𝑡)
𝜆𝑟 (𝑡)
1
+2𝑐1 (𝜆2𝑟 (𝑡)𝐿1 (𝑡 ∗ ) − 𝜆 (𝑡) 𝐿2 (𝑡 ∗ )) + 4𝑐2 (𝜆4𝑟 (𝑡)𝐿3 (𝑡 ∗ ) − 𝜆2𝑟 (𝑡)𝐿1 (𝑡 ∗ ))
(3-28)
0 = (1 − 𝛼𝑐 (𝑡))𝜇𝑎 (𝜆2𝑟 (𝑡) −
𝑟

where 𝑡 ∗ ∈ [𝑡1 , 𝑡2 ]. For the phase evolution rule in the melting process, the Eqs. (3-14) need to be
altered accordingly:
𝑑𝛼𝑚
𝑑𝑡

= −𝑅(∆𝜃)𝛼𝑚 (𝜃)

0
with ∆𝜃 = 𝜃 − 𝜃𝑚
.

-

Cooling down to 𝜽𝒍𝒐𝒘 (W2).
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(3-29)

In this step, the stress-stretch relationship is the same as Eq. 3-25, except for that the applied
stress is zero and the initial natural configuration distribution is taken the same as that at the end
of the last melting process (W1), instead of zeros in step P4. Therefore, the crystalline kinetic,
hence the natural configuration distribution evolution during this process is also different from that
in the programming crystallization process. For the rest of the working cycle (W3W4), the
similar process applies.
3.4.3 Matlab flowchart
The model were then coded and implemented into the Matlab program to reproduce the
programming-working cycle of the 2W-SME and the Matlab flowchart is presented in Fig. 3-2.

Figure 3-2 Matlab flowchart for complete programming-working cycle.
3.5 Results and Discussions
3.5.1 Parameter determination
The coefficient of thermal expansion (CTE) was measured via a temperature scan test under a
force controlled mode using DMA. A linear temperature dependent CTE (𝛼𝑡 = 𝑎1 𝑇 + 𝑎2 ), hence
a quadratic temperature dependent displacement, was used to fit onto the experimental results to
obtain the parameters in the thermal component (See Fig. 3-2(a)). For the rest of the parameters,
the experimental results from the complete programming and first working cycle with 1𝑀𝑃𝑎
programming stress were used. The optimized parameters are listed in Table 3-1.

Table 3-1 Model parameters.
Description
Thermal Component 𝛼𝑡
Constant for CTE

Parameter
𝑎1 (𝐾 −2 )
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Value
8.2468 × 10−6

Constant for CTE
Reversible Stretch Component λ𝑟 (Eq.3-20)
Constant for amorphous phase modulus
Constant for crystalline phase axial modulus
Constant for crystalline phase transverse modulus
Phase evolution law 𝛼𝑐 (Eqs. 3-14 and 3-15)
Crystallinity before programming
Equilibrium melting temperature
Ultimate crystallinity
Constant for phase evolution
Constant for phase evolution
Constant for stress induced crystallization effect
Constant for stress induced crystallization effect
Irreversible Stretch Component 𝜆𝑖𝑟 (Eq. A5)
Reference shear strain rate
Reference shear strength
Strain rate exponent
Flow activation energy
Constant for back stress
Constant for back stress
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𝑎2 (𝐾 −1 )

−2.4066 × 10−3

𝜇𝑎 (𝑀𝑃𝑎)
𝑐1 (𝑀𝑃𝑎)
𝑐2 (𝑀𝑃𝑎)

0.63
1.55
0.14

𝛼0
(𝐾)
𝛼𝑓
𝐴1
𝐴2
𝐴3 (𝐾)
𝐴4 (𝑀𝑃𝑎)

0.75
298
0.85
1 × 10−4
1.35
35
0.06

𝛾̇ 0 (𝑠 −1 )
𝜏0 (𝑀𝑃𝑎)
𝑛𝑖𝑟
𝑈𝑖𝑟 (𝐽)
𝐶𝑏1 (𝑀𝑃𝑎)
𝐶𝑏2 (𝑀𝑃𝑎/𝐾)

7.5 × 10−7
6.5 × 10−3
2.35
10
0.73
3 × 10−4

𝑇𝑚0

(Figure 3-2 continued)
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Figure 3-3 Model fits to the experimental results for (a) thermal strain in terms of temperature and
(b) the complete programming-working cycle with 1𝑀𝑃𝑎 programming stress. Model validation
for the complete programming-working cycle for the cases of (c) 1.05𝑀𝑃𝑎 programming stress,
and (d) 0.95𝑀𝑃𝑎 programming stress. P1 to P5 and the triangle symbols indicate the starting
points of 5 consecutive programming steps: heat up to 50℃; load to designated stress (1, 1.05 and
0.95𝑀𝑃𝑎 for (b), (c) and (d), respectively); hold the sample at the constant stress; cool down to
0℃; and finally remove the load. W1 to W4 and triangle symbols indicate the starting points of
working cycle steps: heat up to 40℃ (W1 and W3 are the starts of the heating steps in the first and
second working cycle, respectively) and cool down to 0℃ (W2 and W4 are the starts of the cooling
steps in the first and second working cycle, respectively) at zero external load, i.e., true 2W-SME.
Figure 3-3(b) shows the model fit. The actuation strain 𝜀𝑎𝑐𝑡 is calculated by (𝜆𝑓 − 𝜆𝑚𝑖𝑛 ), where
𝜆𝑓 is the final stretch at the end of the cooling process in the first working cycle and 𝜆𝑚𝑖𝑛 is the
minimum stretch within the first working cycle. The model is able to predict the 2.86% actuation
strain in the first working cycle, compared with the 2.85% actuation strain demonstrated in the
experiment. The reasonable agreement between model simulation and experiment validates that
the model captures the essential features demonstrated in the 2W-SME. The model parameters
identified by fitting the 1𝑀𝑃𝑎 programming stress curve were then used to predict the
programming-working cycle for 1.05𝑀𝑃𝑎 and 0.95𝑀𝑃𝑎 programming stress cases. Figure 3-3(c)
and (d) show the comparison between model predictions and experiments. The good agreement
between the model predictions and the experiments further verifies the model. It is noted that a
stiffer transition behavior can be observed for our model as compared to the test result in step W1,
which is the melt process that leads to the classical one-way shape recovery. One of the reasons is
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that the cPEVA we used in this work exhibits an anomalous broad melting transition (See Fig. 1B
in [55]) which may not be precisely reproduced by the current phase evolution law. Additionally,
the programming procedure may also affect the melting transition which has not been considered
in this work. As such, in our future work, a more appropriate phase evolution law should be
involved in the model to obtain more accurate modeling results.
3.5.3 Mechanism of true 2W-SME
As stated above, the true 2W-SME in the working cycle is attributed to the internal stress
introduced by the programming procedure. This internal stress is able to lead the oriented
crystallization and prompt the crystallization kinetics. To clearly see how the internal stress plays
a role in 2W-SME, in Fig. 3-4, we plot the overall stretch 𝜆, the internal stress 𝜏̅𝑎 , as well as the
crystalline phase volume fraction 𝛼𝑐 for the complete programming-working cycle of the sample
with 1𝑀𝑃𝑎 programming stress side by side (black solid lines). In our work, we used the effective
shear stress acting on the amorphous phase 𝜏̅𝑎 to evaluate the internal stress.
During step P1 (heating), the sample begins to melt when the temperature reaches the melting
temperature and leaves a crystalline volume faction of only 𝛼𝑃1 = 0.1226 at the end of the step.
This part of solids do not take part in the melting and crystallization process in the subsequent
programming steps, in other words, their natural configurations will not be changed. Therefore,
these solids possess a single natural configuration. Starting from step P2 (loading), the internal
stress keeps increasing due to the external load until step P3 (holding). In step P4 (cooling),
crystallization takes place right after cooling process begins, which indicates a significant shift of
melting temperature to a higher value due to the internal stress. Meanwhile, the elongation upon
cooling (EUC) phenomenon can be observed. Indeed, a portion of the elongation is attributed to
the viscoplastic deformation (irreversible component), however, contribution from the
deformation in the reversible component is also important. This is evidenced in the fact that the
internal stress, which is calculated based on the deformation of the reversible component 𝜆𝑟 (see
Section 3.6.1), keeps increasing to a saturated value, although the external stress is maintained
constant. At the first sight, it seems contradictory that albeit the effective modulus of the reversible
component is increasing during cooling, the deformation increases under a constant external load.
Nevertheless, if we take a close look at Eqs. 3-18, during the cooling process, the deformation of
the crystalline phase is actually scaled by 1⁄𝜆𝑟 (𝑡 ′ ) , where 𝜆𝑟 (𝑡 ′ ) represents the deformation
immediately before crystallization and is free of stress immediately after crystallization. The stress
released by this part of crystalline phase causes a stress re-distribution throughout the whole
reversible component and gives rise to the further elongation upon cooling. After the external load
is removed (step P5 unloading), the sample springs back a little and an 𝜏̅𝑃5 = 0.3572𝑀𝑃𝑎 internal
stress has been successfully stored in the system. At the end of step W1 (heating), the sample is
partially melt, there is still a 𝜏̅𝑊1 = 0.0835𝑀𝑃𝑎 residual stress left in the system that will lead to
the elongation upon cooling without an external stress imposed on it in the following step W2
(cooling), i.e., the true 2W-SME. As can be seen from the modeling results, the internal stress is
very stable in the following working cycle (W3 and W4) and this leads to stable and repeatable
performance in actuation.
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Figure 3-4 Real-time monitoring of the internal variables evolution. (a) Overall stretch 𝜆. (b)
Internal stress (effective shear stress on amorphous phase) 𝜏̅𝑎 . (c) Crystalline volume fraction 𝛼𝑐 .
(Black solid lines: with SIC effect. Red dash lines: without SIC effect.) Inset table on the right:
comparison of various properties between cases with and without SIC effect (𝜀𝑎𝑐𝑡 : actuation strain.
𝜏̅𝑃5 : internal stress after programming. 𝜏̅𝑊1and 𝜏̅𝑊3 : internal stress after heating during working
cycle. 𝛼𝑊2 and 𝛼𝑊4 : crystalline volume fraction after cooling during working cycle).
To further prove the stress induced crystallization (SIC) effect on the crystallization kinetics
and eventually on 2W-SME, we eliminated the temperature shift term (Eq. 3-15) in our model and
the corresponding modeling results for the stretch 𝜆, the internal stress 𝜏̅𝑎 , and the crystalline phase
volume fraction 𝛼𝑐 are presented in Fig. 3-4 (red dash lines). As can be seen from Fig. 3-4(c) and
the table on the right, without the SIC effect, the crystallization process is significantly delayed,
which ends up with lower crystalline volume fraction, lower stored internal stresses and eventually
lower strain actuation during step W2.
To investigate the programming stress on the 2W-SME, we summarized the calculated
actuation strains 𝜀𝑎𝑐𝑡 , the internal stresses after programming 𝜏̅𝑃5 and the crystalline volume
fractions after the first working cycle 𝛼𝑊2 for three different programming stress (𝑇𝑃2 ) cases in
Table 3-2. Similar to previous studies, programming stress can enhance the 2W-SME. The reason
for this is that higher programming stress results in higher internal stress, thus can enhance the
crystallization process and eventually improves the 2W-SME.
Table 3-2 Comparison of different programming stress cases.
𝑇𝑃2 (𝑀𝑃𝑎)
𝜀𝑎𝑐𝑡 (%)
𝜏̅𝑃5 (𝑀𝑃𝑎)
0.95
2.42
0.3377
1
2.86
0.3572
1.05
3.41
03767
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𝛼𝑊2
0.8422
0.8489
0.8491

3.5.4 Advanced two-way shape memory effect
Based on our analysis and modeling results above, we have reason to believe that the
programmed sample should be able to exhibit 2W-SME even when the external load is
compressive during the working cycle, as long as the internal stress introduced by the
programming procedure is not completely consumed by the external compressive force. Since the
reversible component is the only part that is responsible for the stress storage and 2W-SME, we
only focus on the deformation under compression in this part. According to our model, the EUC
phenomenon can be observed up to −0.35𝑀𝑃𝑎 working stress case (Fig. 3-5). If we could seek a
shape memory polymer that does not exhibit dramatic viscoplastic deformation and stores a
sufficient amount of internal tensile stress, it can be made into an advanced 2W-SMP that can
generate actuation even under compression.

Figure 3-5 Demonstration of “advanced 2W-SME”: reversible component stretch in the working
cycle under different compressive stresses.
3.5 Conclusion
In this work, a 3D constitutive model has been developed based on the multiple natural
configurations framework for the true 2W-SME. The model has been validated against the
experimental results for the cPEVA based 2W-SMP and shown good agreement. The model proves
that the internal stress is stored during the programming procedure. This internal stress contributes
to 2W-SME from two aspects. First, anisotropy can be introduced to crystalline phases formed
during crystallization process and second, crystallization kinetics in polymer can be greatly
enhanced by deformation. Higher programming stress can lead to higher stored internal stress and
ends up with better true 2W-SME performance. We predict that if a SMP does not exhibit dramatic
viscoplastic deformation and can stores a sufficient amount of internal tensile stress, it can be made
into an advanced 2W-SMP that can generate actuation even under compression.

59

CHAPTER 4

A TOP-DOWN MULTI-SCALE MODELING FOR
ACTUATION RESPONSE OF POLYMERIC
ARTIFICIAL MUSCLES

In the present work, we established a multi-scale modeling framework for the
thermomechanical actuation responses of the twisted-then-coiled polymeric artificial muscles by
a top-down strategy, spanning from macro-scale helical spring analysis down to molecular level
chain interaction study. Comparison between modeling results and experimental results exhibited
excellent agreement. The effect of the micro-, meso- and macro-scale parameters on the actuation
responses of the artificial muscle was further discussed through a parametric study per the
validated model. This work helps understand the physical origin behind the remarkable tensile
actuation behavior of the twisted-then-coiled polymeric artificial muscles and also provides
inspirations for optimal design of advanced artificial muscles made by twist-insertion procedure.
4.1 Introduction
Several studies have been conducted to explain the extraordinary thermomechanical behavior
of twisted-then-coiled polymeric muscles, which facilitate future design. In recognition of the
similarities between the maximum specific work during torsional actuation for a non-coiled
twisted fiber and that during tensile contraction for a twisted-then-coiled spring, Haines et al. [82]
pointed out that the large-stroke tensile actuation of the coiled spring arises from the torsional
actuation of the twisted polymer fiber. In addition, the authors used a rough analysis and proved
that the thermally triggered torsional actuation for the twisted fiber was attributed to both the
contraction in axial direction and expansion in transverse direction of the precursor fiber. In
addition, the relation between the coil length and the fiber twists per unit length was established
from purely kinematic point of view using Love equation [213] and Van Der Heijdgen and
Thompson theory [214]. Most recently, Sharafi and Li [215] developed a physics-based
constitutive framework, in which the actuation response of the twisted-then-coiled spring was
considered to be determined by two types of as-trained molecules, that is, helical chains and
entropic chains. However, the involvement of a large number of molecular scale parameters in the
constitutive framework, which are difficult to determine, makes the use of the molecular scale
model of considerable challenge. Therefore, they also proposed a computationally efficient
phenomenological thermomechanical constitutive model, which was largely dependent on curve
fittings. Because of this, the phenomenological model is unable to pin down the underlying
mechanisms controlling the muscle actuation behavior.
In summary, there is still a lack of theoretical models to elucidate the physical origin behind
the remarkable tensile actuation behavior and, therefore, the correlation between the actuation
performance and the intrinsic material parameters remains unclear. In the present paper, we will
analyze the actuation response from macro-scale helical spring top-down to the molecular chain
interaction. We will build a multi-scale modeling framework, in order to reproduce and predict the
actuation behavior and evaluate the impact of various factors on the response of polymeric artificial
muscles. This paper is arranged as follows. Section 4.1 introduces the background and motivations
for this study. In Section 4.2, a general top-down analysis is given. This is followed by the
development of a multi-scale modeling framework in Section 4.3. The model validation and
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parametric study are conducted in Section 4.4. In Section 4.5, the important results and findings
are summarized.
4.2 Top-down Analysis
This twisted-then-coiled artificial muscle contains hierarchical structures and it is
schematically illustrated in Fig. 4-1.

Figure 4-1 Multi-scale modeling framework: (a) Twisted then coiled spring. (b) A section of the
twisted fiber. (c) Off-axis laminate, hypothetically cut and separated from the twisted fiber. (d)
On-axis lamina, consisting of discontinuous aligned micro-fibrils embedded into amorphous
matrix. (e) Top: crystal blocks connected in series with inter-crystalline materials. Bottom:
amorphous matrix made of rubbery and glassy phases.
The coiled muscles (Fig. 4-1(a)) are able to reversibly delivery over 20% contraction upon
heating and lift heavy load [216], which is an abnormal behavior that cannot be explained by the
classical spring mechanism. More specifically, Eq. (4-1) is the classical relation of the axial applied
load 𝐹 and the displacement 𝛿 of the spring, in terms of the properties of the fiber (shear
modulus 𝐺𝑓 and diameter 𝑑𝑓 ) and geometries of the coil (mean diameter ̅̅̅
𝐷𝑐 and number of active
coils 𝑛) [217]:
𝐹=

𝐺𝑓 𝑑𝑓4
̅̅̅̅𝑐 3 𝑛
8𝐷

𝛿

(4-1)

Based on Eq. (4-1), since the shear modulus drops as temperature increases, the coil will
elongate, instead of contracting upon heating. The essential reason behind this contradiction is the
twisted configuration of the fiber, as shown in Fig. 4-1(b). This highly twisted structure exhibits
large torsional actuation when heated and hence generates large twisting moment when tethered
at both ends. Intuitively, in a coil made of this twisted fiber, the released torque can screw the coil

61

segments, compete with the external applied load and eventually result in the contraction of the
coil.
As suggested by Haines et al. [82], the torsional actuation is mostly attributed to both the
thermal contraction in the axial direction and thermal expansion in the radial direction of the
precursor fiber, which are both at least an order of magnitude smaller than that of the coiled spring
(See the coefficients of thermal expansion presented in Fig. 4-1 on the left). In order to reproduce
the torsional behavior of the twisted fiber, the thermomechanical properties of the twisted fiber are
necessary. For an anisotropic polymer fiber, studies have shown that twisting has a significant
impact on the thermomechanical properties of fibers or yarns [218-220] and a number of models
have been developed to elucidate this dependence [221-224]. A commonly used approach is
decomposing the twisted fiber into concentric hollow cylinders, and then each hollow cylinder is
hypothetically cut and opened up into a layered structure as shown in Fig. 4-1(c). Considering the
fact that most of the polymeric fibers used to make artificial muscles are semi-crystalline
consisting of aligned micro-fibrils, each layer of the twisted fiber contains collimated micro-fibrils,
whose orientation is determined by the position of the layer from the cylinder center axis, namely,
the outermost layer has the most oriented fibrils and the innermost layer has no orientation. This
configuration is very much analogous to the fiber-reinforced composite. As such, the
thermomechanical properties of the off-axis laminate (Fig. 4-1(c)) and the assembly of the lamina
with different angles (Fig. 4-1(b)), i.e. the twisted fiber, can be obtained once the properties of the
on-axis lamina (Fig. 4-1(d)) are given based on composite material theory, together with three
dimensional helical anisotropic cylinder analysis.
The analyses of the on-axis lamina properties are case dependent. Most commonly used
precursor fibers are semi-crystalline fibers, such as Polyethylene and Nylon 6. In our current study,
we focus on artificial muscle made of Polyethylene (PE) copolymer monofilament under the brand
name of ZEBCO OMNIFLEX30LBA, due to its convenient availability. A closer observation by
previous researchers [225-228] reveals that in a highly oriented Polyethylene fiber, the crystalline
would form needlelike, discontinuous micro-fibrils with the long axis in the fibrils direction, and
are embedded into an amorphous matrix phase (See Fig. 4-1(d)). The amorphous matrix (Bottom
inset of Fig. 4-1(e)), of which the coefficient of thermal expansion (CTE) is positive (See Fig. 4-1
on the left for the CTE of the amorphous matrix), can always be regarded as a mixture of glassy
phase and rubbery phase with temperature dependent volume fractions. As for the micro-fibrils
(Top inset of Fig. 4-1(e)), they have been described as crystal blocks with negative CTE of the
order of −10−5 𝐾 −1 (denoted as part C in the upper inset of Fig. 4-1(e)), periodically connected in
series with inter-crystalline materials, which may consist of a parallel combination of intercrystalline bridges (denoted as part B in the upper inset of Fig. 4-1(e)), amorphous chains (denoted
as part A in the upper inset of Fig. 4-1(e)), and tie molecules (denoted as part T in the upper inset
of Fig. 4-1(e)) [229, 230].
In summary, we divided the multi-scale modeling within the continuum mechanics framework
into four levels: (1) Macro-scale model: In this length scale, we focus on the relation between the
applied load and the displacement of the spring. The polymeric fiber, of which the coiled spring is
made, has a diameter of ~1𝑚𝑚, and possesses no discernable microstructural features, i.e., it is
completely homogenized. (2) Meso-scale model: At this length scale, the twisted fiber is treated
as a discretely stacked laminate, while the material within each lamina is assumed to be
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homogenized and transversely isotropic. This assumption requires an appropriate thickness for the
lamina. Firstly, the thickness should be small enough, so that the twisting orientation angle (𝜃𝑓 )
distribution within each layer is not too broad and using one averaged orientation angle to represent
the corresponding ply is acceptable. Meanwhile, the thickness should also be large enough, in
order to include sufficient amount of micro-fibrils within its cross-section. The crystalline microfibrils from the micro-scale perspective are orthotropic materials. Therefore, only when there are
enough micro-fibrils in the cross-section, can we apply the homogenized and transversely isotropic
assumptions to each lamina. For the polyethylene fiber we are studying, previous study has
reported that the intrinsic length scale for the thickness of the micro-fibrils are of the order of
15𝑛𝑚 and ~200𝑛𝑚 for the length [227]. Therefore, we believe that a lamina thickness of the
order of ~1μm is an appropriate choice for our discretized meso-scale modeling. (3) Micro-scale
model: In this case, the micro-structure of each lamina is taken into account. Classical continuum
elasticity based on homogenization may fail at this scale due to the size effect [231]. Maranganti
and Sharma [231] demonstrated that the characteristic length scale at which the size effect come
into play for polymer systems ranges from 30𝑛𝑚 to 150𝑛𝑚, which is comparable to the intrinsic
length scale reported for the crystalline micro-fibrils in the polyethylene fiber. Within the
micromechanics framework, we thus treat each lamina as a two-phase composite consisting of
discontinuous crystalline micro-fibrils embedded into the amorphous matrix. The two constituents
are considered to be featureless in the current length scale. A parameter will be used to account for
the imperfect interfacial interaction between the two constituent. (4) Nano-scale model: The fine
structures of each component (crystalline micro-fibrils and amorphous matrix) in micro-scale
model are further considered. The material at this length scale may contain a variety of topological
defects and chemical impurities which may significantly alter its properties. Polyethylene, as one
of the commonly used polymer, has been extensively studied. Therefore, we will directly utilize
the results from existing literatures and provide inputs for the micro-scale model.
Notice that, starting from the crystal blocks, which are bridged by the twisted semi-crystalline
fiber and finally to the coiled spring, the thermal contractions are magnified progressively based
on different mechanisms. In the next section, we will build up a multi-scale modeling framework
for each step of the foregoing analyses.
4.3 Multi-scale Modeling Framework
4.3.1 Macro-scale modeling for the twisted-then-coiled spring
Previous study [82] has suggested that the remarkable tensile actuation behavior is driven by
the giant torsional actuation generated by the twisted fiber during heating. We here will quantify
this mechanism based on a consistent application of Castigliano’s second theorem (CST) [232].
The coordinate systems, which include global Cartesian ( {𝑿𝒄 , 𝒀𝒄 , 𝒁𝒄 } ), global cylindrical
({𝒓𝒄 , 𝝑𝒄 , 𝔃𝒄 }), and local cylindrical coordinate ( {𝒓𝒇 , 𝝑𝒇 , 𝔃𝒇 }), used to analyze the helical coil, are
shown in Fig. 4-2(b). Throughout the working cycle, a constant load 𝑭 = 𝐹𝒁𝒄 is applied to the
coil. In addition, since both ends of the twisted fiber are tethered, the untwisting tendency of the
fiber is fully constrained during the working cycle, ending up with a recovered torque in the axial
direction along the twisted fiber，𝑴𝑟𝑒𝑐 = 𝑀𝑟𝑒𝑐 𝔃𝒇 . Notice that the direction of the recovered
torque is determined by chirality of the twisted-coil: A homo-chiral coil, that is, the chirality of the
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fiber twist matches that of the coil, leads to recovered torque in 𝔃𝒇 direction, while a hetero-chiral
coil results in recovered torque in −𝔃𝒇 direction.

Figure 4-2 (a) Left: Coiled spring loaded with applied force 𝐹 and recovered torque 𝑀𝑟𝑒𝑐 . Right:
Kinematic relationship of the coiled spring. (b) The coordinate systems for the coiled spring that
are used in the model. (Definitions of the notations are given in the text.)
For a given applied force 𝑭 = 𝐹𝒁𝒄 = 𝐹𝔃𝒄 , by using the relationship between the local and
global coordinates:
𝒓𝒇 = −𝒓𝒄

(4-2a)

𝝑𝒇 = − sin 𝛼𝑐 𝝑𝒄 + cos 𝛼𝑐 𝔃𝒄

(4-2b)

𝔃𝒇 = cos 𝛼𝑐 𝝑𝒄 + sin 𝛼𝑐 𝔃𝒄

(4-2c)

where 𝒓𝒇 is the unit vector in the coil’s cross section pointing inward, 𝔃𝒇 is the unit vector along
the coil’s tangent direction, and 𝝑𝒇 is the unit vector in the plane of the fiber’s cross section as
dictated by the vector product 𝝑𝒇 = 𝔃𝒇 × 𝒓𝒇 , and 𝛼𝑐 is the pitch angle of the coil. The applied
force on the slightly inclined, positively directed face at point P can be expressed in terms of the
local coordinate:
𝑭𝑎𝑝𝑝 = 𝑭 = 𝐹 sin 𝛼𝑐 𝔃𝒇 + 𝐹 cos 𝛼𝑐 𝝑𝒇

(4-3)

The free body diagram shows that the applied force also results in torsional and bending
moment at point P:
𝑴𝐹𝑎𝑝𝑝 = 𝒓(𝑃𝑂) × (−𝑭) = −𝐹𝑅𝝑𝒄 = −𝐹𝑅 cos 𝛼𝑐 𝔃𝒇 + 𝐹𝑅 sin 𝛼𝑐 𝝑𝒇
64

(4-4)

The recovery torque, 𝑴𝑟𝑒𝑐 = 𝑀𝑟𝑒𝑐 𝔃𝒇 is considered to be applied on top of 𝑴𝐹𝑎𝑝𝑝 , thus, the
total applied moment at point P is:
𝑴𝑎𝑝𝑝 = 𝑴𝐹𝑎𝑝𝑝 + 𝑴𝑟𝑒𝑐 = (−𝐹𝑅 cos 𝛼𝑐 + 𝑀𝑟𝑒𝑐 )𝔃𝒇 + 𝐹𝑅 sin 𝛼𝑐 𝝑𝒇

(4-5)

For convenience, we re-write Eqs. (4-3) and (4-5) as:
𝑭𝑎𝑝𝑝 = 𝐹𝓏 𝔃𝒇 + 𝐹𝜗 𝝑𝒇

(4-6a)

𝑴𝑎𝑝𝑝 = 𝑀𝓏 𝔃𝒇 + 𝑀𝜗 𝝑𝒇

(4-6b)

with the normal force 𝐹𝓏 = 𝐹 sin 𝛼𝑐 , shear force 𝐹𝜗 = 𝐹 cos 𝛼𝑐 , torsional moment 𝑀𝓏 =
−𝐹𝑅 cos 𝛼𝑐 + 𝑀𝑟𝑒𝑐 and bending moment 𝑀𝜗 = 𝐹𝑅 sin 𝛼𝑐 . These components are constant along
the coil. By assuming that, at each step of temperature increment, the deformations along the fiber
caused by the external load are infinitesimal, the complementary energy can be expressed as [233]:
𝑀𝓏2
𝑀𝜗2
𝐹𝓏2
𝐹𝜗2
𝑈 =∫ (
+
+
+
) 𝑑𝑙
2𝐺̅ 𝐽 2𝐸̅ 𝐼 2𝐸̅ 𝐴 2𝐺̅ 𝐴
0
𝑀𝓏2
𝑀𝜗2
𝐹𝓏2
𝐹𝜗2
= 𝐿𝑐 (
+
+
+
)
2𝐺̅ 𝐽 2𝐸̅ 𝐼 2𝐸̅ 𝐴 2𝐺̅ 𝐴
1
1
2
= 𝑓11 𝐹 2 − 2𝑓12 𝐹𝑀𝑟𝑒𝑐 + 𝑓22 𝑀𝑟𝑒𝑐
2
2
∗

𝐿𝑐

(4-7)
where 𝐸̅ and 𝐺̅ are the effective moduli of the twisted fiber and
1

1

1

1

𝑓11 = 2 𝐿𝑐 (𝐺̅ 𝐽 𝑅 2 cos2 𝛼𝑐 + 𝐸̅𝐼 𝑅 2 sin2 𝛼𝑐 + 𝐺̅𝐴 cos2 𝛼𝑐 +

1
sin2 𝛼𝑐 )
𝐸̅ 𝐴

(4-8a)
𝑓12 = 𝐿𝑐

𝑅 cos 𝛼𝑐
2𝐺̅ 𝐽

(4-8b)

1

𝑓22 = 𝐿𝑐 𝐺̅𝐽
𝜋𝑑2

Taking the cross-section area of the fiber 𝐴 =
moment of that area 𝐽 =

𝜋𝑑4
32

(4-8c)

4

, the second moment 𝐼 =

and the radius of the coil 𝑅 =
8𝑛

𝐿

3 cos4 𝛼

𝑓11 = 𝜋3 𝑑4 ( 𝑛𝑐)

𝑐

𝐺̅
𝐿𝑐 3 2 sin2 𝛼𝑐 cos2 𝛼𝑐
+ 𝜋 3 𝑑4 ( 𝑛 )
𝐸̅
8𝑛
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𝐷
2

=

𝐿𝑐 cos 𝛼𝑐
𝑛𝜋

cos2 𝛼𝑐
2𝐺̅
8𝑛 𝐿𝑐 sin2 𝛼𝑐
( ) 2𝐸̅
𝜋𝑑2 𝑛
8𝑛

𝜋𝑑4
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, the polar

, Eq. 4-8 becomes:

𝐿

+ 𝜋𝑑2 ( 𝑛𝑐)

+

(4-9a)

8𝑛

𝐿

2 cos2 𝛼

𝑓12 = 𝜋2 𝑑4 ( 𝑛𝑐)

𝑐

𝐺̅

(4-9b)

32 𝐿

𝑓22 = 𝜋𝑑4 𝐺𝑐̅
(4-9c)
Then, the displacement 𝛿 of a helical spring is directly found by applying CST [234]:
𝛿 = 𝑓11 𝐹 − 𝑓12 𝑀𝑟𝑒𝑐

(4-10)

The displacement can also be expressed as a function of the pitch angle 𝛼𝑐 using the kinematic
relationship:
𝛿 = 𝐿𝑐 sin 𝛼𝑐 − 𝐿𝑐0 sin 𝛼𝑐0

(4-11)

where 𝐿𝑐0 and 𝛼𝑐0 are the initial length of the fiber and the initial pitch angle of the coil (after
loading), respectively. Using Eqs. (4-10) and (4-11), the pitch angle 𝛼𝑐 (𝑇) , hence the
displacement 𝛿(𝑇) can be expressed in terms of 𝑑, 𝐿𝑐 , 𝐺̅ , 𝐸̅ , 𝑀𝑟𝑒𝑐 , 𝑒𝑡𝑐., on which temperature
dependences will be determined using the meso-scale modeling described in the following section.
4.3.2 Meso-scale modeling for the thermomechanical behavior of the twisted fiber
-

Concentric helically anisotropic laminate

As stated in Section 4.2, the twisted fiber is decomposed into concentric hollow cylinders, and
then hypothetically cut and separated into a lamina containing collimated micro-fibrils (See Fig.
4-3).
To avoid confusion and complexity, we first clarify the symbols and notations. Referring to
Fig. 4-3, the principal material axes are labeled as 1 and 2, where 1-axis is parallel to the microfibrils and 2-axis is normal to them; 𝝑𝒇 and 𝔃𝒇 are principal terms of the off-axis behavior.
According to the definition in classical lamination theory and the handedness of the coordinate,
the off-axis angle 𝜃𝑓 is depicted in Fig. 4-3.
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Figure 4-3 Opened-up structure of the micro-fibrils reinforced composite lamina.
Once we have obtained the on-axis transverse symmetric thermomechanical properties, i.e. the
stiffness matrix 𝓒 and the coefficients of thermal expansion 𝛼′𝑠, which will be determined in the
next section, we are able to evaluate the off-axis laminate using Eqs. (4-12) and (4-13).

and

̅ = 𝐶11 𝑚4 + 2(𝐶12 + 𝐶16 )𝑚2 𝑛2 + 𝐶22 𝑛4
𝐶11
̅ = (𝐶11 + 𝐶22 − 4𝐶66 )𝑚2 𝑛2 + 𝐶12 (𝑚4 + 𝑛4 )
𝐶12
̅ = 𝐶13 𝑚2 + 𝐶23 𝑛2
𝐶13
̅ = −𝐶22 𝑚𝑛3 + 𝐶11 𝑚3 𝑛 − (𝐶12 + 2𝐶66 )𝑚𝑛(𝑚2 − 𝑛2 )
𝐶16
̅ = 𝐶11 𝑛4 + 2(𝐶12 + 2𝐶66 )𝑚2 𝑛2 + 𝐶22 𝑚4
𝐶22
̅ = 𝐶13 𝑛2 + 𝐶23 𝑚2
𝐶23
̅ = −𝐶22 𝑚3 𝑛 + 𝐶11 𝑚𝑛3 + (𝐶12 + 2𝐶66 )𝑚𝑛(𝑚2 − 𝑛2 )
𝐶26
̅ = 𝐶33
𝐶33
̅ = (𝐶13 − 𝐶23 )𝑚𝑛
𝐶36
̅ = (𝐶11 + 𝐶22 − 2𝐶12 )𝑚2 𝑛2 + 𝐶66 (𝑚2 − 𝑛2 )2
{
𝐶66

(4-12)

𝛼̅𝑧 = 𝛼1 𝑚2 + 𝛼2 𝑛2
𝛼̅𝜃 = 𝛼1 𝑛2 + 𝛼2 𝑚2
𝛼̅𝑟 = 𝛼3 = 𝛼2
{𝛼̅𝑧𝜃 = 2(𝛼1 − 𝛼2 )𝑚𝑛

(4-13)

where 𝑚 = cos 𝜃𝑓 , and 𝑛 = sin 𝜃𝑓 . Notice that the appearance of a coupling term 𝛼𝑧𝜃 in Eq. (413), indicates that a reversible thermal shear strain will be generated during heating or cooling. In
other words, the torsional behavior of the twisted fiber can be explained intuitively from the
composite material point of view.
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To obtain displacements {𝑢, 𝑣, 𝑤} and stress components {𝜎𝑧 , 𝜎𝜃 , 𝜎𝑟 , 𝜎𝑧𝜃 } for each layer we
assume that radial deformation and shearing twist are axisymmetric, and axial extension is uniform
across the cross-section, the displacements are thus shown to be functions of the radial and axial
coordinates (See Fig. 4-4):
𝑢 = 𝑢(𝑟)

𝑣 = 𝑣0 𝑟𝑧

𝑤 = 𝑤0 𝑧

(4-14)

The corresponding strain components are:
𝜀𝑟 =

𝑑𝑢
𝑑𝑟

𝜀𝜃 =

𝑢
𝑟

𝜀𝑧 = 𝑤0

𝜀𝑧𝜃 = 𝑣0 𝑟

𝜀𝑟𝜃 = 𝜀𝑟𝑧 = 0

(4-15)

By assuming infinitesimal deformation of the material, the constitutive relation for a material
with helical anisotropy for the four non-zero stress and strain components is:
̅
𝐶11
𝜎𝑧
𝐶̅
𝜎
[ 𝜃 ] = 12
̅
𝜎𝑟
𝐶13
𝜎𝑧𝜃
̅
[𝐶16

̅
𝐶12
̅
𝐶22
̅
𝐶23
̅
𝐶26

̅
𝐶13
̅
𝐶23
̅
𝐶33
̅
𝐶36

̅
𝐶16
𝜀𝑧 − 𝛼𝑧 ∆𝑇
̅
𝐶26 𝜀𝜃 − 𝛼𝜃 ∆𝑇
[
]
̅
𝜀𝑟 − 𝛼𝑟 ∆𝑇
𝐶36
̅ ] 𝜀𝑧𝜃 − 𝛼𝑧𝜃 ∆𝑇
𝐶66

(4-16)

The equilibrium equation that needs to be satisfied is:
𝑑𝜎𝑟
𝑑𝑟

+

𝜎𝑟 −𝜎𝜃
𝑟

=0

(4-17)

Substituting Eqs. (4-14), (4-15) and (4-16) into the governing equation (4-17) leads to the
radial displacement 𝑢. Without going to further derivation details, we here present the solution
for 𝑢:
̅ − 2𝐶36
̅ )
(𝐶26
𝑣0 𝑟 2
̅
̅
(4𝐶33 − 𝐶22 )
̅ − 𝐶13
̅ )
̅ − 𝐶12
̅ )
̅ − 𝐶22
̅ )
(𝐶12
(𝐶13
(𝐶23
+
𝑤0 𝑟 +
𝛼𝑧 ∆𝑇𝑟 +
𝛼 ∆𝑇𝑟
̅ − 𝐶22
̅ )
̅ − 𝐶22
̅ )
̅ − 𝐶22
̅ ) 𝜃
(𝐶33
(𝐶33
(𝐶33
̅ − 𝐶23
̅ )
̅ − 𝐶26
̅ )
(𝐶33
(𝐶36
+
𝛼𝑟 ∆𝑇𝑟 +
𝛼 ∆𝑇𝑟
̅ − 𝐶22
̅ )
̅ − 𝐶22
̅ ) 𝑧𝜃
(𝐶33
(𝐶33
𝑢 = 𝐶1 𝑟 𝜇 + 𝐶2 𝑟 −𝜇 +

(4-18)
𝐶̅

where 𝜇 = √𝐶22
, and the undetermined coefficients 𝐶1 and 𝐶2 will be determined by the continuity
̅
33

and boundary conditions as shown in the next section. The stress components can then be obtained
by taking Eq. (4-18) back into Eqs. (4-14), (4-15) and (4-16):
̅ + 𝜇𝐶13
̅ ) + 𝐶2 𝑟 −𝜇−1 (𝐶12
̅ − 𝜇𝐶13
̅ )
𝜎𝑧 = 𝐶1 𝑟 𝜇−1 (𝐶12
̅ )(𝐶12
̅ − 𝐶13
̅ )
(𝐶̅ + 𝐶13
̅ + 12
+𝑤0 [𝐶11
]
̅ − 𝐶22
̅ )
(𝐶33
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̅ + 2𝐶13
̅ )(𝐶26
̅ − 2𝐶36
̅ )
(𝐶12
]
̅ − 𝐶22
̅ )
(4𝐶33
̅ )(𝐶13
̅ − 𝐶12
̅ )
(𝐶̅ + 𝐶13
̅ + 12
+𝛼𝑧 ∆𝑇 [−𝐶11
]
̅ − 𝐶22
̅ )
(𝐶33
̅ )(𝐶23
̅ − 𝐶22
̅ )
(𝐶̅ + 𝐶13
̅ + 12
+𝛼𝜃 ∆𝑇 [−𝐶12
]
̅ − 𝐶22
̅ )
(𝐶33
̅ )(𝐶33
̅ − 𝐶23
̅ )
(𝐶̅ + 𝐶13
̅ + 12
+𝛼𝑟 ∆𝑇 [−𝐶13
]
̅ − 𝐶22
̅ )
(𝐶33
̅ )(𝐶36
̅ − 𝐶26
̅ )
(𝐶̅ + 𝐶13
̅ + 12
+𝛼𝑧𝜃 ∆𝑇 [−𝐶16
]
̅ − 𝐶22
̅ )
(𝐶33
̅ +
+𝑣0 𝑟 [𝐶16

(4-19a)
̅ + 𝜇𝐶23
̅ ) + 𝐶2 𝑟 −𝜇−1 (𝐶22
̅ − 𝜇𝐶23
̅ )
𝜎𝜃 = 𝐶1 𝑟 𝜇−1 (𝐶22
̅ )(𝐶12
̅ − 𝐶13
̅ )
(𝐶̅ + 𝐶23
̅ + 22
+𝑤0 [𝐶12
]
̅ − 𝐶22
̅ )
(𝐶33
̅ )(𝐶26
̅ − 2𝐶36
̅ )
(𝐶̅ + 2𝐶23
̅ + 22
+𝑣0 𝑟 [𝐶26
]
̅ − 𝐶22
̅ )
(4𝐶33
̅ )(𝐶13
̅ − 𝐶12
̅ )
(𝐶̅ + 𝐶23
̅ + 22
+𝛼𝑧 ∆𝑇 [−𝐶12
]
̅ − 𝐶22
̅ )
(𝐶33
̅ )(𝐶23
̅ − 𝐶22
̅ )
(𝐶̅ + 𝐶23
̅ + 22
+𝛼𝜃 ∆𝑇 [−𝐶22
]
̅ − 𝐶22
̅ )
(𝐶33
̅ )(𝐶33
̅ − 𝐶23
̅ )
(𝐶̅ + 𝐶23
̅ + 22
+𝛼𝑟 ∆𝑇 [−𝐶23
]
̅ − 𝐶22
̅ )
(𝐶33
̅ )(𝐶36
̅ − 𝐶26
̅ )
(𝐶̅ + 𝐶23
̅ + 22
+𝛼𝑧𝜃 ∆𝑇 [−𝐶26
]
̅ − 𝐶22
̅ )
(𝐶33
̅
𝐶1 𝑟 𝜇−1 (𝐶23

̅ ) + 𝐶2 𝑟 −𝜇−1 (𝐶23
̅ − 𝜇𝐶33
̅ )
𝜎𝑟 =
+ 𝜇𝐶33
̅ )(𝐶12
̅ − 𝐶13
̅ )
(𝐶̅ + 𝐶33
̅ + 23
+𝑤0 [𝐶13
]
̅ − 𝐶22
̅ )
(𝐶33
̅ )(𝐶26
̅ − 2𝐶36
̅ )
(𝐶̅ + 2𝐶33
̅ + 23
+𝑣0 𝑟 [𝐶36
]
̅ − 𝐶22
̅ )
(4𝐶33
̅ )(𝐶13
̅ − 𝐶12
̅ )
(𝐶̅ + 𝐶33
̅ + 23
+𝛼𝑧 ∆𝑇 [−𝐶13
]
̅ − 𝐶22
̅ )
(𝐶33
̅ )(𝐶23
̅ − 𝐶22
̅ )
(𝐶̅ + 𝐶33
̅ + 23
+𝛼𝜃 ∆𝑇 [−𝐶23
]
̅ − 𝐶22
̅ )
(𝐶33
̅ )(𝐶33
̅ − 𝐶23
̅ )
(𝐶̅ + 𝐶33
̅ + 23
+𝛼𝑟 ∆𝑇 [−𝐶33
]
̅ − 𝐶22
̅ )
(𝐶33
̅ )(𝐶36
̅ − 𝐶26
̅ )
(𝐶̅ + 𝐶33
̅ + 23
+𝛼𝑧𝜃 ∆𝑇 [−𝐶36
]
̅ − 𝐶22
̅ )
(𝐶33

(4-19b)

(4-19c)
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̅ + 𝜇𝐶26
̅ ) + 𝐶2 𝑟 −𝜇−1 (𝐶26
̅ − 𝜇𝐶26
̅ )
𝜎𝜃𝑧 = 𝐶1 𝑟 𝜇−1 (𝐶26
̅ )(𝐶12
̅ − 𝐶13
̅ )
(𝐶̅ + 𝐶36
̅ + 26
+𝑤0 [𝐶16
]
̅ − 𝐶22
̅ )
(𝐶33
̅ )(𝐶26
̅ − 2𝐶36
̅ )
(𝐶̅ + 2𝐶36
̅ + 26
+𝑣0 𝑟 [𝐶66
]
̅ − 𝐶22
̅ )
(4𝐶33
̅ )(𝐶13
̅ − 𝐶12
̅ )
(𝐶̅ + 𝐶36
̅ + 26
+𝛼𝑧 ∆𝑇 [−𝐶16
]
̅ − 𝐶22
̅ )
(𝐶33
̅ )(𝐶23
̅ − 𝐶22
̅ )
(𝐶̅ + 𝐶36
̅ + 26
+𝛼𝜃 ∆𝑇 [−𝐶26
]
̅ − 𝐶22
̅ )
(𝐶33
̅ )(𝐶33
̅ − 𝐶23
̅ )
(𝐶̅ + 𝐶36
̅ + 26
+𝛼𝑟 ∆𝑇 [−𝐶36
]
̅ − 𝐶22
̅ )
(𝐶33
̅ )(𝐶36
̅ − 𝐶26
̅ )
(𝐶̅ + 𝐶36
̅ + 26
+𝛼𝑧𝜃 ∆𝑇 [−𝐶66
]
̅ − 𝐶22
̅ )
(𝐶33
(4-19d)
In the next sub-section, we will assemble all the layers and determine the effective properties
for the twisted fiber.
-

Multi-layer analysis

Suppose the cylinder consists of 𝑁 layers of hollow cylinders. In order to clarify the position
of each layer, we hereafter put a superscript ‘𝑘’ to each component, for example, 𝜎𝑧𝑘 , 𝑢𝑘 and 𝜃𝑓𝑘 .
The inner most layer has an inner radius of 𝑟 0 and outer most layer has an outer radius of 𝑟 𝑁 (See
Fig. 4-4(b)). 𝑟 0 is taken to be a number very small, for example 10−10 𝑚𝑚, in order to simulate a
solid cylinder and meanwhile to avoid singularity. Then, the outer radius of the 𝑘 𝑡ℎ layer
𝑟 −𝑟 0

becomes 𝑟 𝑘 = 𝑟 0 + 𝑘 𝑓𝑁 , where 𝑟𝑓 = 𝑟 𝑁 , is the radius of the fiber. Also, the tangent of the helix
angle is assumed to vary linearly with radial position, reaching its maximum at the outer layer of
𝑟𝑘

the cylinder, that is, at the 𝑘 𝑡ℎ layer 𝜃𝑓𝑘 (𝑟) = arctan 𝑟 tan 𝛼𝑓 , where 𝛼𝑓 is the helical angle at the
𝑓

surface of the fiber.
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Figure 4-4 Multi-layer analysis
The continuity and boundary conditions then require:
𝜎𝑟1 (𝑟0 ) = 0
𝜎 1 (𝑟 ) = 𝜎𝑟2 (𝑟1 )
{ 𝑟1 1
𝑢 (𝑟1 ) = 𝑢2 (𝑟1 )
…
𝑘−1 (𝑟 )
𝜎
= 𝜎𝑟𝑘 (𝑟1 )
{ 𝑟𝑘−1 1
𝑢 (𝑟1 ) = 𝑢𝑘 (𝑟1 )
…
𝑁 (𝑟 )
{
𝜎𝑟 𝑁 = 0

(4-20)

Using these 2𝑁 boundary conditions, the 2𝑁 undetermined coefficients 𝐶1𝑘 and 𝐶2𝑘 (See
Section 4.6.1) in each layer can be determined, and hence the stress and strain distributions on the
cross section of the twisted fiber can be obtained.
The determination of the effective thermomechanical properties that is needed for the coil
analysis, i.e. ̅̅̅
𝐸𝑧 , ̅̅̅̅̅
𝐺𝑧𝜃 , 𝛼
̅̅̅,
𝛼̅̅𝜃̅, and ̅̅̅̅̅,
𝛼𝑧𝜃 is accomplished by using the method of relaxation that has
𝑧 ̅
been described in the work by Pipes and Hubert [222]. Generally speaking, at a certain condition
(𝑣0 , 𝑤0 , Δ𝑇), the resultant torque 𝜏 and force 𝑓 can be expressed using the influence coefficients:
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[

𝜏
𝐵 𝑣0
] [𝑤 ] = [𝑓 ]
𝐷
0

𝐴
𝐶

(4-21)

where,
𝑟

𝑟

𝜏 = 2 ∫𝑟 0𝑓 𝜎𝜃𝑧 𝜋𝑟 2 𝑑𝑟

𝑓 = 2 ∫𝑟0𝑓 𝜎𝑧 𝜋𝑟𝑑𝑟

(4-22)

and
𝐴 = 𝜏(𝑣0 = 1, 𝑤0 = 0, Δ𝑇 = 0)
𝐵 = 𝜏(𝑣0 = 0, 𝑤0 = 1, Δ𝑇 = 0)
{
𝐶 = 𝑓(𝑣0 = 1, 𝑤0 = 0, Δ𝑇 = 0)
𝐷 = 𝑓(𝑣0 = 0, 𝑤0 = 1, Δ𝑇 = 0)

(4-23)

The effective mechanical properties are then straightforward:
𝐵
𝐴

𝑓(𝑣0 =− 𝑤0 ,𝑤0 ,Δ𝑇=0)

̅̅̅
𝐸𝑧 =

𝜋𝑟𝑓2 𝑤0

̅̅̅̅̅
𝐺𝑧𝜃 =
{

𝐶
𝐷
𝜋𝑟𝑓4 𝑣0

2𝜏(𝑣0 ,𝑤0 =− 𝑣0 ,Δ𝑇=0)

(4-24)

For the effective thermal expansion, we first set the strain components 𝑣0 and 𝑤0 to be zero,
and the thermal torque 𝜏 𝑇 and force 𝑓𝑇 are determined for a given temperature increment Δ𝑇.
Notice that 𝜏 𝑇 is the recovered torque increment in the temperature step Δ𝑇, the total recovered
torque at a certain temperature is the accumulation of each temperature step:
𝑇

𝑀𝑟𝑒𝑐 = ∫𝑇 𝜏 𝑇 𝑑𝑇
0

(4-25)

Next, the corresponding thermal strain components are determined using:
[

𝐴
𝐶

−𝜏 𝑇
𝐵 𝑣0𝑇
] [𝑤 ] = [ −𝑓 ]
𝐷
0𝑇
𝑇

(4-26)

Finally,
𝛼
̅̅̅𝑧 =

𝑤0𝑇
Δ𝑇
𝑢0

̅𝛼̅̅̅
𝜃 = Δ𝑇
𝛼 =
̅̅̅̅̅
{ 𝑧𝜃

𝑣0 𝑅
Δ𝑇

where, 𝑢0 = 𝑢(𝑟𝑓 ).
4.3.3 Nano- and Micro-scale modeling for the semi-crystalline polyethylene fiber
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(4-27)

The microscopic structures for the semi-crystalline polyethylene fiber have been described in
Section 4.2 and are depicted in Fig. 4-5. Fig. 4-5(a) presents the phenomenological representation
for the aforementioned repeated structure unit in a crystalline micro-fibrils: A crystal block C is
connected in series with S (which is a collective representation of bridges (b) and amorphous
molecules (a)) and tie molecules (T). In the following statement, the properties of the crystal block
are defined as 𝑋 𝐶 , likewise, properties of crystalline bridges, amorphous molecules, component S
and tie molecules are defined as 𝑋 𝑏 , 𝑋 𝑎 , 𝑋 𝑆 , and 𝑋 𝑇 , respectively. Regarding the micro-fibrils,
and the amorphous phase, the properties are designated as 𝑋𝑓 and 𝑋 𝑚 , respectively. (𝑋 could be
moduli, CTEs, and volume fractions, etc.)

Figure 4-5 Phenomenological representation for (a) crystalline micro-fibrils and (b) amorphous
matrix.
For the block crystals, both theoretical calculations [223, 235-239] and experimental
measurements [226-228, 240-242] have been performed to evaluate their elastic moduli 𝐶𝑖𝑗𝑐 . We
here assume that within the working cycle, these elastic moduli are temperature independent. This
can be justified by the fact that the melting temperature of the fiber is 220oC (See Fig. 4-7), which
is well above the highest working temperature (80oC) for the muscle. To account for the weakening
effect of the inter-crystalline materials on the mechanical performance of the micro-fibril in the
axial direction, we simply introduce a scale factor 𝜆 to the modulus in the axial direction and leave
the transverse direction almost unchanged:
𝑓

𝐸1 =
𝑓

𝐸2 =

𝑐
𝐶11

𝜆

𝑐 +𝐶 𝑐
𝐶22
33

2

𝑓

𝑐
𝐺12 = 𝐶66

(4-28a)
(4-28b)
(4-28c)

Although the inter-crystalline materials do not show special effect on the mechanical properties,
they play decisive roles in amplifying the negative thermal expansion capability of the crystal
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blocks. Take polyethylene as an example, it is well known that the coefficient of thermal expansion
(CTE) for the crystalline block and bridge is of the order of −1 × 10−5 𝐾 −1 [243, 244], and is
positive for the amorphous domains [245]. However, the whole material may exhibit a CTE of the
order of −1 × 10−4 𝐾 −1(in axial direction) after drawing [229, 230]. Therefore, the large negative
CTE of the polymer fiber does not origin from the intrinsic material properties of each components,
it is essentially attributed to the “internal strain” between the crystalline bridges and the tie
molecules. More specifically, the natural length of the bridge is longer than that of the tie molecule.
When they are in parallel, the bridges will be compressed and the tie molecule will be tensioned
(See Fig. 4-5(a)). In addition, the tie molecules obey entropic elasticity while the elasticity for the
bridge is almost constant. With a suitable volume fraction ratio between the two components, the
overall material can exhibit large amount of contraction upon heating. As a matter of fact, this
phenomenon is found to be common in essence with the shape memory effect: they are both related
to the residual internal strain or stored strain induced by drawing or programming process. In Choy
et al. [230], the authors have performed a quantitative treatment and proved this effect. Without
going into further details, the CTE in the axial direction for the micro-fibril can be expressed as:
𝑑𝜂

𝑓

𝛼∥ = 𝑥 𝐶 𝛼∥𝐶 + (1 − 𝑥 𝐶 )𝛼∥𝑆 − (1 − 𝑥 𝐶 ) 𝑑𝑇

(4-29)

where 𝛼∥𝐶 and 𝛼∥𝑆 are the CTEs of the crystal block C and component S (See Fig. 4-5(a)),
𝑡𝐸 𝑇

respectively; 𝜂 = 𝑏𝐸1𝑐 ∝ 𝑇 and 𝑡, 𝑏 and 𝑥 𝐶 are the volume fraction of the tie molecules, bridges and
1

block crystals within the micro-fibrils.
Fig. 4-5(b) shows a well-accepted phenomenological model of an amorphous phase. The
amorphous phase is always treated as a mixture of glassy phase and rubbery phase, of which
volume fractions are temperature dependent. In other words, a glassy phase may evolve into
rubbery phase upon heating. This phase transition does not take place in all glassy phases at once,
however, starts from the domains with higher energy and evolves gradually until the transition is
fully accomplished [246]. To address this behavior, we adopt the phase evolution law introduced
by Guo et al. [116] to describe the temperature dependence of the glassy phase volume fraction
within the amorphous matrix:
𝑥𝑔𝑚 (𝑇)

=

𝑇 1
−
∫𝑇 𝑆√2𝜋 𝑒
0

2
(𝑇−𝑇𝑔 )
2𝑆2

𝑑𝑇

(4-30)

where 𝑆 is a constant and 𝑇𝑔 represents the glass transition temperature.
By assuming that the amorphous phase is isotropic and with uniform stress distribution
throughout the material, the thermomechanical properties are given by:
𝑚
𝐺12
=

1
𝑚 1 +(1−𝑥 𝑚 ) 1
𝑥𝑔
𝑔 𝐺𝑚
𝐺𝑚
𝑔
𝑟

𝑚
𝑚
𝐸1𝑚 = 𝐸2𝑚 = 2𝐺12
(1 + 𝜈12
)
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(4-31a)
(4-31b)

𝛼∥𝑚 = 𝛼⊥𝑚 = 𝑥𝑔𝑚 𝛼𝑔𝑚 + (1 − 𝑥𝑔𝑚 )𝛼𝑟𝑚

(4-31c)

where 𝑥𝑔𝑚 is the volume fraction of the glassy domain within the amorphous phase.
Having obtained the thermomechanical properties for the crystalline micro-fibrils and the
amorphous matrix, the on-axis thermomechanical properties that are needed for Eqs. (4-12) and
(4-13) can be obtained by noticing the resemblance of the current configuration to the short fiber
reinforced composite (See Fig. 4-1(d)). According to the shear lag theory first developed by Cox
[247], the effective axial Young’s modulus 𝐸1 of a composite containing a discontinuous
𝑓
reinforcing phase of length, 𝑙 𝑓 , radius, 𝑟 𝑓 , Young’s modulus, 𝐸1 , volume fraction, 𝑉 𝑓 , and
𝑚
matrix phase of Young’s modulus 𝐸1𝑚 , shear modulus 𝐺12
, is:
𝑓

𝐸1 = 𝑉 𝑓 𝐾𝐸1 (1 − (

tanh(𝑥)

𝑙𝑓

𝑥 = 𝑟𝑓 (

𝑓

𝑥

)) + (1 − 𝑉 𝑓 )𝐸1𝑚

𝑚
𝐺12

1
2

)

𝐸1 ln(2𝜋/√3𝑉 𝑓 )

(4-32a)

(4-32b)

with the knowledge that the load transfer between the crystalline micro-fibrils and the amorphous
matrix is less than perfect, a constant 𝐾 is included in the Cox analysis, which is a measurement
of the reinforcing efficiency [221, 222].
The transverse Young’s Modulus 𝐸2 and in-plane shear modulus 𝐺12 can be obtained by the
handy equations developed by Halpin and Tsai [216, 248]:
𝑃
𝑃𝑚

=

𝜂=

1+𝜉𝜂𝑉 𝑓
1−𝜂𝑉 𝑓
𝑃𝑓
−1
𝑃𝑚
𝑃𝑓
+𝜉
𝑃𝑚

(4-33a)

(4-33b)

here, 𝑃𝑓 is the micro-fibrils property, 𝑃𝑚 is the matrix property and 𝜉 is a measurement of the
reinforcement geometry, which depends on loading conditions. The values of 𝜉 for 𝐸2 and 𝐺12
are 0.5 and 1, respectively.
As for the CTEs, by assuming the simple “rule of mixtures”, we have:
𝛼 = 𝑉 𝑓 𝑎 𝑓 + (1 − 𝑉 𝑓 )𝛼 𝑚

(4-34)

4.4 Model Validation and Prediction
4.4.1 Parameter identification
The parameters for the multi-scale modeling were determined through various
thermomechanical testing, values in the existing literatures, and appropriate curve fittings.
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-

Polymeric artificial muscle preparation

The fabrication of artificial muscles follows the same procedure as in Haines et al. [82], which
takes two consecutive steps: twist insertion and coiling. The detailed fabrication procedures can
be found in the work by Zhang and Li [87]. After the fabrication, the geometries of the precursor
fiber and twisted fiber were measured using a SEM imaging system (QuantaTM 3D FEG fieldemission electron microscope) and those of the coiled spring were measured using an optical high
resolution CCD camera (Sony XCD-CR90) (See Fig. 4-6). The sample codes, the fabrication
descriptions, and the geometrical parameters for different samples that will be used in the modeling
are summarized in Table 4-1.
Table 4-1 Summary of samples.
Sample code Fabrication description
Precursor fiber, polyethylene copolymer.
Sample 0
Twist the fiber under 13.36MPa load until
coil nucleation, then anneal the twisted
Sample 1T
fiber at 85℃ for 90 min.
Twist the fiber under 13.36MPa load until
coil nucleation, wrap the twisted fiber
Sample 2TC
around a mandrel, then anneal the coiled
muscle at 85℃ for 90 min.
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Geometrical parameters
𝑑0 = 0.58𝑚𝑚
𝑑1 = 0.78𝑚𝑚
𝛼𝑓 = 35°
𝐷𝑐 = 2.11𝑚𝑚
𝛼𝑐 = 10°
𝑛=8

Figure 4-6. (a) and (b) SEM images of the precursor fiber. (c) and (d) SEM images of the twisted
fiber. (e) CCD image of the coiled spring.
-

Thermomechanical characterizations

To investigate the morphologies of the fibers and provide experimental evidence for our model,
the SEM observation were conducted on both Sample 0 and Sample 1T. As suggested by previous
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studies [220], the high strength and stiffness of polymer fibers are mostly attributed to their highly
oriented crystalline morphologies. This is confirmed by the image in Fig. 4-6(b). Although we are
not able to accurately measure the volume fraction 𝑉 𝑓 and aspect ratio 𝑙𝑓 /𝑟𝑓 of the micro-fibrils in
our samples (in Eq. 4-26), values of 0.75 and 15, respectively, are believed to be appropriate as
suggested by previous studies [225, 227, 228]. In addition, it is clear from Fig. 4-6(d) that after the
twisting and heat-setting procedures, the micro-fibrils form off-axis configuration as described in
our model.
Differential scanning calorimetry (PerkinElmer DSC 4000, USA) was used to investigate the
thermal properties of the fishing lines. Samples were cooled from 30oC to -70oC at 10oC/min and
heated from -70oC to 240oC, also at 10oC/min. Then, this thermal cycle was repeated. The first
cycle DSC results for both Sample 0 and Sample 1T are presented in Fig. 4-7, together with the
second cycle DSC results for both samples as a comparison. The results again indicate that the
morphology of the fiber consists of two phases: (I) Soft amorphous phase, represented by the broad
glass transition region starts from around 20oC and ends around 60oC. (II) Hard crystalline phase,
represented by the melting peak at 220oC. No significant change can be observed between Sample
0 and Sample 1T, indicates that the twisting procedure does not interrupt the morphology of the
fiber very much and a working cycle between the room temperature (25oC) and 80oC is appropriate
for this fishing line. For the second cycle DSC curve, multiple and less perfect melting peaks can
be observed, an indication of the less oriented crystalline structure in the raw material compared
with the highly oriented fishing line in the first cycle (the first cycle has erased the working history
of the fiber and thus both samples show the same DSC curve in the second cycle). The glass
transition temperature used in our model is chosen to be 𝑇𝑔 = 30℃.
A TA Instrument Dynamic Mechanical Analyzer (Q800) was used to perform a strain
controlled dynamic temperature scan at a frequency of 1 Hz. A 0.5% oscillating strain was applied
to Sample 0 and Sample 1T and the temperature was scanned from 25oC to 80oC at 1oC/min. The
temperature dependence of the storage modulus of Sample 0 is presented in Fig. 8 and this result
is used to identify the parameters in Eqs. (4-25)-(4-27). The elastic moduli for the crystal blocks
are obtained from the stiffness constants of orthorhombic polyethylene crystal calculated by
Tashiro et al. [239] and those of amorphous matrix are approximated using the experimental results
by Boyd [249] and Xiong et al. [250]; the rest of the parameters in micro-scale modeling, i.e. 𝜆, 𝐾
and 𝑆 (in Eqs. (4-25)-(4-27)) can be varied and determined by fitting into the experimental results
(See Fig. 4-8 upper lines). In addition to that, as evidenced by Sample 1T in Fig. 4-8, the axial
modulus has been decreased after twisting due to disorientation.
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Figure 4-7 DSC results for Sample 0 and Sample 1T.

Figure 4-8 Temperature dependences of axial moduli for both Sample 0 and Sample 1T (Solid
lines: DMA experiment results. Dash lines: modeling results).
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A temperature scan test under constant static force was also conducted on Sample 0 in order
to measure the coefficient of axial thermal expansion (𝛼1 ). In our study, 𝛼1 is assumed to be linear
temperature dependent, and accordingly, the displacement is a quadratic function in terms of
temperature (See Fig. 9(a)). The coefficient of transverse thermal expansion (𝛼2 ) is not easy to
measure, so we extract the experimental results for a similar material from Choy et al. [230].
Likewise, 𝛼2 is simulated by assuming a linear temperature dependence (Fig. 4-9(b)).

Figure 4-9 Experimental and curve fitting results for the thermal properties of the precursor fiber
in axial (a) and (b) transverse directions (The experimental data were extracted from Choy et al.
[230]).
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Summary of parameters

Up to now, we have completed the multi-scale modeling and determined the input parameters
for the nano- and micro-, meso- and macro- scale modeling using experimental measurements,
literature research and curve fitting procedures. In Table 4-2, all the parameters, together with their
description and identification method, have been specified. The multi-scale model was then coded
and implemented into the MATLAB program to reproduce the thermomechanical behavior of the
twisted fiber and the coiled spring.
Table 4-2 Parameters used for the present multi-scale model.
Parameters
Descriptions
Values
Parameters for nano- and micro-scale modeling
Stiffness of the crystal
𝐶
block in fiber direction 300,000
𝐶11
(𝑀𝑃𝑎)
(Eq. 4-28(a))
Scale factor to account
for the weakening
effect of the inter3.25
𝜆
crystalline materials to
the whole microfibrils (Eq. 4-28(a))
Young’s modulus of
the micro-fibrils in
𝑓
8,000
𝐸2 (𝑀𝑃𝑎)
transvers direction
(Eq. 4-28(b))
Aspect ratio of the
𝑙𝑓 /𝑟𝑓
micro-fibrils (Eq. 415
32(a))
Measurement of the
reinforcing efficiency 0.85
𝐾
(Eq. 4-32(a))
Volume fraction of the
crystalline micro0.75
𝑉𝑓
fibrils (Eqs. 4-32 and
4-27)
Constants in the phase
evolution law (Eq. 440
𝑆
30)
Glass transition
𝑇𝑔 (℃)
30
temperature (Eq. 4-30)
Shear modulus of the
amorphous matrix in
𝐺𝑔𝑚 (𝑀𝑃𝑎)
90
the glassy state (Eq. 431(a))
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Identification Method

[239]

Fit into DMA
experimental results
(Fig. 4-8 upper lines)

[239]

[227]
Fit into DMA
experimental results
(Fig. 8 upper lines)
[225]
Fit into DMA
experimental results
(Fig. 4-8. upper lines)
DSC results (Fig. 4-7)

[249]

Poisson’s ratio of the
amorphous matrix
(Eq. 4-31(b))
Parameters for meso-scale modeling
𝑚
𝜈12

𝛼1 (𝐾 −1 )

Axial direction CTE

Transverse direction
CTE
Poisson’s ratio
𝜈12
Poisson’s ratio
𝜈23
Radius for the inner
𝑟 0 (𝑚𝑚)
most hollow cylinder
Radius for the outer
𝑟 𝑁 (𝑚𝑚)
most hollow cylinder
Parameters for macro-scale modeling
Number of active coils
𝑛
Outer diameter of the
𝐷(𝑚𝑚)
coil
Pitch angle
𝛼𝑐 (°)
𝛼2 (𝐾 −1 )

0.4

[249]

-1.35×10-6T +
4.20×10-4
5.78×10-7T 5.75×10-5
0.465
0.45

Fit into experimental
results in Fig. 9(a)

10−10

[230]
Measurement
[226]
Suitable for simulation
of solid cylinder

0.39

Measurement

8

Measurement

2.11

Measurement

10

Measurement

The simulation flowchart using the MATLAB program is summarized below in Fig. 4-10.

Figure 4-10 Flow chart of the Matlab program for the multi-scale modeling.
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4.4.2 Comparison with experimental results
-

Axial modulus of Sample 1T

The elastic modulus of the twisted fiber is reproduced using the meso-scale model and is
presented in Fig. 4-8 (bottom dash line), together with the experiment results (bottom solid line).
The modeling result exhibits good agreement with the experiment result. The small deviation of
the modeling result from the experimental result at the beginning of the test is most likely attributed
to the choice of the transverse elastic properties, which are not able to be obtained experimentally
at this time.
-

Torsional actuation of Sample 1T

We used a torque sensor (Mark-10 MR50-50Z Plug & Test Universal Torque Sensor, with a
resolution of 0.02ozF-in) to measure the torque generated by Sample 1T fixed at both ends. Fig.
4-11 shows that our meso-scale model successfully captures the torsional actuation trend of the
twisted fiber, which is essential to the tensile actuation behavior of the coiled spring.
-

Tensile actuation of Sample 2TC

Finally, the tensile actuation of Sample 2TC is measured using DMA by applying a constant
force of 1.5N to the coiled spring, and heating and cooling the temperature between 25oC and 80oC
at 10oC/min. Fig. 4-12 proves the ability of the macro-scale model in reproducing the trend of the
coiled spring (muscle).

Figure 4-11 Experiment and modeling results of the recovered torque as a function of temperature.
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Figure 4-12 Experiment and modeling results of the tensile actuation of the coiled spring (solid
line: test results; dashed line: modeling results). The inset shows the simulation results of multiple
actuation cycles (solid line: calculated results of strain actuation; dashed line: temperature).
4.4.3 Prediction and Discussion
To further demonstrate the prediction ability of our model, we here performed a series of
parametric studies, aiming to investigate how the parameters at different scales affect the
thermomechanical properties of the fiber, the torsional actuation response of the twisted fiber and
eventually, the tensile actuation response of the coiled spring.
-

Effect of micro-scale parameters on thermomechanical properties of the precursor fiber

Fig. 4-13(a) exhibits the effect of crystalline micro-fibril volume fraction (𝑉 𝑓 ) on the axial
modulus of the precursor fiber. As expected, higher 𝑉 𝑓 increases the Young’s modulus of the
precursor fiber in axial direction. Likewise, the Young’s modulus in the transverse direction and
the shear modulus can also be increased by increasing 𝑉 𝑓 (Not shown in the figure for brevity).
One of the most efficient methods to enhance the mechanical properties of the as-fabricated
polymeric fibers is by highly stretching the fiber. During this procedure, the crystalline lamellae
in the micro-fibrils are oriented along the draw direction and end up with crystalline micro-fibrils
with higher aspect ratios (𝑙𝑓 /𝑟𝑓 ). In Fig. 4-13(b), we illustrate that higher aspect ratio of the microfibrils leads to higher axial modulus. It has also been experimentally demonstrated that the drawing
procedure can produce higher thermal anisotropy, that is, higher thermal contraction in the axial
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direction and higher thermal expansion in the transverse direction [230]. In the following
subsection, we will show how the changes in thermomechanical properties of the precursor fiber
affect the behavior of the twisted fiber.

Figure 4-13 Axial Young’s modulus of the precursor fibers with different (a) crystalline microfibrils volume fractions and (b) micro-fibril aspect ratios.
-

Effect of meso-scale parameters on torsional actuation response of the twisted fiber

In Fig. 4-14(a), we compare the torsional behavior of twisted fibers made of precursor fibers
with different axial moduli, which is attributed to different micro-fibril aspect ratio. It is clear that
the precursor fiber with higher micro-fibril aspect ratio has higher axial modulus (Fig. 4-13(b)),
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and eventually lead to better torsional actuation performance for the twisted fiber. In addition,
based on a simple helix analysis, Haines et al. [82] concluded that “both contraction of these
helically configured polymer chains and fiber diameter expansion will cause fiber untwist”.
Therefore, it is envisioned that the larger the anisotropy between the thermal expansion in the axial
and transverse direction, the higher the untwisting tendency, and hence the larger the recovered
torque will be. This is proved in Fig. 4-14(b). Here we multiply the original CTE’s of the twisted
fiber “Anisotropy 1” by a factor of 2 and 3, resulting in twisted fiber specimens with larger
anisotropies, specimen “Anisotropy 2” and specimen “Anisotropy 3”, respectively. As stated
above, a facile strategy to increase the thermal anisotropy is by stretching the precursor fiber [230].
According to the experimental results in Haines et al. [82], the geometrical configurations of
the twisted fibers also have a large impact on the actuation behavior. In Fig. 4-14(c), the recovered
torque dependence on the twisted fiber bias angle is presented. It turns out that the torque does not
follow a monotonous trend with respect to bias angles; instead, it reaches its maximum around 35°.
The appearance of the maximum actuation is as a result of the various orientations in each
cylindrical layer and the constraints between each layer (See Eq. 4-19d).
Predictions in Fig. 4-14 suggested that if we could find a fiber with a remarkable combination
of high modulus and large thermal anisotropy, along with an appropriate fiber bias angle, which
can be altered by applying different load during twisting insertion, the torsional actuation
performance of the twisted fiber would be significantly improved. In the following subsection, we
will show how the improvement in torsional actuation of the twisted fiber affect the manifestation
of the coiled spring.
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(Figure 4-14 continued)

.
Figure 4-14 Recovered torque generated by the twisted fiber with different (a) axial moduli, (b)
thermal anisotropies, and (c) bias angles.
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-

Effect of macro-scale parameters on tensile actuation response of the coiled spring

As has been extensively stated in the previous sections, the remarkable tensile actuation
behavior of the coiled spring is driven by the torsional actuation generated by the twisted fiber
during heating. This is quantitatively reflected in Eq. 4-10, where it is clear that the external applied
force 𝐹 is responsible for the elongation of the spring, just like in the regular spring with a stiffness
of 𝑓11 . The recovered torque 𝑀𝑟𝑒𝑐 , however, depending on its sign, can either contribute to the
total elongation (when twisting and coiling have opposite chirality and 𝑀𝑟𝑒𝑐 is negative) or
compensate for the external force and responsible for contraction of the spring (when twisting and
coiling have the same chirality and 𝑀𝑟𝑒𝑐 is positive). To clarify, we take the chirality of the coiled
spring as the reference, i.e., the pitch angle of the coiled spring is always positive. In this way, the
twisted fiber with chirality that matches that of the coiled spring has a positive fiber bias angle and
this twisted-then-coiled spring is defined as homochiral system. Likewise, the twisted fiber with
chirality that is opposite to that of the coiled spring has a negative fiber bias angle and the resulting
coiled spring is heterochiral. In Fig. 4-15(a), the effect of the fiber bias angle, and hence the
recovered torque on the tensile actuation response of the artificial muscle is presented. When the
fiber bias angle increases, more recovered torque can be generated upon heating, and thus results
in better tensile actuation performance in both homochiral and heterochiral cases. As expected, the
maximum stroke is again reached around ±35°. Our prediction is very close to the experimental
results in Fig. 4F of Haines et al. [82]. Therefore, an appropriate fiber bias angle, is an important
factor to tune the tensile actuation performance. Without extensive experimental testing, our model
provides an efficient numerical tool to seek the optimized fiber bias angle.
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(Figure 4-15 continued)

Figure 4-15 Prediction of the tensile stroke as a function of (a) fiber bias angles and (b) spring
indices.
As pointed out in the previous section, the recovered torque of the twisted fiber, and hence the
tensile actuation of the coiled spring, can also be increased by enhancing the axial modulus (Fig.
4-13(b) and Fig. 4-14(a)) and the thermal anisotropy (Fig. 4-14(b)) of the precursor fiber. One of
the promising candidates could be two-way shape memory polymers [15, 54-56, 58-63, 251, 252],
which behave similarly to polymers with negative CTEs (i.e., heating induces contraction and
cooling causes expansion). Because the two-way shape memory effect is much larger than the
negative CTEs of the fishing lines, which suggests giant thermal anisotropy, it is expected that
two-way shape memory polymers would have remarkable muscle behavior.
Finally, Fig. 4-15(b) exhibits the contracting stroke as a function of spring indices and shows
that larger spring index leads to higher contracting stroke, which has also been proved
experimentally in Haines et al. [82] and Zhang and Li [87]. Nevertheless, smaller spring index
may still be used in some applications when higher actuation force is in favor over higher stroke.
4.5 Conclusion
In this paper, a multi-scale modeling framework based on a top-down analysis has been
developed for the actuation response of the polymeric artificial muscles. The model was validated
against the experimental results for the polyethylene copolymer fiber based muscles. The physical
origin and dependence of the torsional actuation of the twisted fiber and the tensile actuation of
the twisted-then-coiled spring on temperature have been elaborated and reproduced. A parametric
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study was further conducted to help future design and optimization of such innovative artificial
muscles. The important results of this work include:
(1) In the macro-scale model, a consistent application of Castigliano’s second theorem (CST) has
been used, to account for the combined effect of the axial applied force and recovered torque
on the thermally triggered tensile actuation. The combined contribution of the applied force
and the recovered torque is evidenced by the fact that the tensile stroke is largely dependent on
fiber bias angle, because the fiber bias angle plays an important role in determining the
recovered torque. Another predication from our parametric study shows that the actuation
behavior of the muscle can be tuned by spring indices of the twisted-then-coiled spring. More
specifically, larger index results in higher tensile stroke.
(2) In the meso-scale model, the torsional behavior of the twisted fiber was reproduced by using
classical composite material theory and helical anisotropic cylinder analysis. The appearance
of a coupling term 𝛼𝑧𝜃 in the off-axis properties proves that a reversible thermal shear strain
will be generated during heating or cooling. In other words, the torsional behavior of the
twisted fiber can be explained from the composite material point of view. Parametric study
indicates that there exists an optimized fiber bias angle that maximizes the recovered torque
and hence the tensile stroke.
(3) The nano- and micro-scale modeling for the precursor fiber is case dependent. In our study,
due to the fact that the morphology of the semi-crystalline polyethylene copolymer fiber
consists of discontinuous crystalline micro-fibrils embedded into an amorphous matrix, we
make use of the classical theories in continuum mechanics to simulate the thermomechanical
properties of the fiber. Parametric studies suggest that by increasing the modulus and the
thermal anisotropy of the precursor fiber, the actuation performance of the artificial muscle
will be greatly improved.
Some new thermally reversible polymers, such as two-way shape memory polymers, may
provide remarkable actuation response.
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CHAPTER 5

ARTIFICIAL MUSCLES MADE OF CHIRAL TWOWAY SHAPE MEMORY POLYMER FIBERS

In this work, we demonstrate the unusual improvement of the tensile actuation of hierarchically
chiral structured artificial muscle made of two-way shape memory polymer (2W-SMP) fiber.
Experimental results show that the chemically cross-linked Poly(ethylene-co-vinyl acetate)
(PEVA) 2W-SMP fibers possess an average negative coefficient of thermal expansion (NCTE)
that is at least one order higher than that of the polyethylene (PE) fiber used previously. As
expected, the increase in axial thermal contraction leads to increase in the recovered torque
(4.4𝑁𝑚𝑚) of the chiral fiber and eventually in the tensile actuation of the twisted-then-coiled
artificial muscle (67.81 ± 1.82%). A mechanics model based on Castigliano's second theorem
(CST) is proposed and the calculated result is consistent with the experimental result (64.17%
tensile stroke). The model proves the significance of the NCTE and the recovered torque on tensile
actuation of the artificial muscle, and can be used as a guidance for future design.
5.1 Introduction
Structural chirality can be found in many natural materials, such as climbing plant tendrils
[253], DNA [254], snail shells [255] and even the nanostructure of butterfly wings [256]. One of
the merits of chirality is to endow the materials with unusual mechanical, optical, and magnetic
properties. Inspired by our mother nature, researchers have introduced chirality to many man-made
materials and have fabricated materials and devices with outstanding features, such as helical
nanowires [257], chiral carbon nanotubes [258], etc. Recently, Haines et al. [82] have created
artificial muscles with hierarchical chiral structure made of polymer fibers that can offer up to 49%
tensile actuation. The giant tensile stroke, robustness, low cost and easy tuning procedure of this
polymeric artificial muscle have confirmed the significance of this innovative discovery and have
opened up new horizons toward the development of effective devices, for instance, morphing
airplanes and vehicles [86], self-healing composite [87], robotics [89], etc.
Recently, Sharafi et al. [215] have developed a bottom-up multi-scale modeling framework to
explain the remarkable actuation response of this type of artificial muscles. However, their model
is very complex and needs significant curve fitting effort. Most recently, Yang et al. [259] have
developed a top-down multi-scale model and elucidated the physical origin behind the remarkable
tensile actuation behavior of the twisted-then-coiled artificial muscles. They have demonstrated
that the anisotropic dimensional changes at the meso-scale level, i.e., reversible thermal
contraction in axial direction and expansion in radial direction in the precursor (untwisted) fiber,
result in an intrinsic torsion in the chiral (twisted) fiber upon heating and eventually lead to the
giant tensile actuation of the helical coil in the macro-scale level. This underlying mechanism
shares the same essence with the climbing tendrils [260], where the intrinsic torque is provided by
the change in helical angle in the cellulose fibrils at the subcellular level. Additionally, the model
suggested that the intrinsic torque of the chiral fiber, hence the tensile actuation of the helical
artificial muscle, can be enhanced by increasing the thermal anisotropy of the fiber while keeping
other properties unchanged. For all the precursor fibers in Haines’s work [82], the axial thermal
actuations of the fibers are driven by the intrinsic axial thermal contraction (negative coefficient
of thermal expansion (NCTE)) of the polymer components and is limited to about 5%, which limits
the maximum tensile actuation to 49%. Therefore, in order to further improve the thermal actuation
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of the precursor fiber, a different driving force should be adopted. We believe that precursor fibers
made of two-way shape memory polymer (2W-SMP) (contraction upon heating and expansion
upon cooling, similar to polymers with NCTE) can be a promising candidate, since the reported
thermal actuation of the 2W-SMPs in the existing literature is always an order higher than that of
the precursor fibers used previously.
Regardless of compositions, architectures and designs, the necessary condition for two-way
shape memory effect (2W-SME) is the co-existence of a stable network and a switching domain
that can respond to the external stimuli [30]. The stable network, mostly constructed from chemical
cross-links, can endure load and retain permanent shape upon heating. The switching domain,
consisting of oriented and crystallizable molecular chains, is responsible for the reversible shape
change of the SMP, driven by the non-isothermal stress-induced crystallization. 2W-SME has been
demonstrated in several polymer systems, in the form of film or bulky materials [15, 16, 59-63,
66]. However, fabrication of chemically cross-linked 2W-SMP fiber is still challenging due to the
resistance in chemical cross-linked polymers. Nevertheless, our group have recently fabricated
chemically cross-linked Poly(ethylene-co-vinyl acetate) (PEVA) based 2W-SMP fibers that can
offer reversible actuation up to ~15%.
In this study, we first describe the fabrication procedure of the 2W-SMP fiber. Then, the
thermomechanical properties of the precursor and chiral 2W-SMP fibers are investigated. and the
tensile actuation performance of both fibers are presented. The polymeric chiral fibers are
subsequently fabricated into coiled muscles and the unusual improvement in the tensile actuation
are finally demonstrated both experimentally and theoretically.
5.2 Experimental
5.2.1 Fabrication procedures
-

Fabrication of two-way shape memory polymer fibers

Fabrication of 2W-SMP fiber takes four consecutive steps: (1) preparation of raw material; (2)
melt extrusion, during which the as-prepared polymer was extruded from the single screw extruder
(Labtech Engineering (Thailand)) to form fiber-shaped material; (3) post curing, in order to form
chemical cross-linked semi-crystalline polymeric fibers; and (4) programming, during which the
cured fiber-shaped samples were stretched to 150% strain at 75°C to enhance the alignment of the
molecules, so that the 2W-SME can be better introduced to the fibers. Compared to the traditional
fabrication technology for the bulky or film 2W-SMP, there are two main challenges need to be
overcome during the fabrication of fibrous 2W-SMP.
The first one is how to achieve uniform dispersion of cross-linkers during the preparation
process. The non-uniform dispersion will result in local over-dilute or over-loading of the crosslinkers in the as-prepared polymers. As has been pointed out previously [15], the 2W-SME is
susceptible to cross link density 𝜈𝑐 : a critical value must be reached to realize the 2W-SME.
Increasing the value continuously will have negative impact on the actuation manifestation
(elongation upon cooling). Also, the content of cross-linker affects the viscosity of the material.
An appropriate value for viscosity is desired in order to obtain smooth fiber during melt extrusion.
Unlike bulky and film materials, fibrous materials have lower tolerance to non-uniformity.
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Therefore, traditional preparation method cannot meet the requirement. In this work, the
uniformity of dispersion was improved by using the “solution method” and 5% (wt%) dycumyl
peroxide (DP) was used as the cross-linker to form the continuous network for our 2W-SMP
system. At the beginning, PEVA-terahydrofuran (THF) solution was stirred in a 70°C silicon oil
bath for 12 hours until homogenous solution was formed. Afterwards, an appropriate amount of
DP-THF solution was dropped into it. The new mixture was then kept in a shaker at 70°C until
well dispersion. This mixture was poured onto a big piece of Teflon sheet. The gelation occurs
very quickly and prevents further motion of small molecules. Once this physical cross-link
dominated gel has been dried, a well dispersed solid solution was obtained. The solid solution was
granulated into small pieces as raw material for melting extrusion processing.
The second challenge is how to maintain the fibrous shape during the post curing process.
Normally, a rigid mold which is easy to be removed from the cured sample is used. However, in
our case, due to the size and texture of the fibrous sample, this is not a practical method. To solve
this problem, a so-called “double-layered wrap” was used. The extruded wire was first wrapped
by Teflon tape which is easy to be peeled off. Then aluminum foil was wrapped on top of it to
maintain the shape during the post-curing process. The wrapped wires were then placed in an oven
for one hour under 160°C for curing. Afterwards, the cured samples were slowly cooled down to
room temperature. After peeling off the aluminum foil and the Teflon tape, the fibrous sample was
ready for further processing.
-

Fabrication of artificial muscles

The fabrication of the artificial muscles follows the same procedure as in Haines et al.’s work
[82], which takes two consecutive steps: twist insertion and coiling (See Fig. 5-1 for the optical
images).

Figure 5-1 Optical images for (a) precursor fiber, (b) chiral fiber after twist insertion procedure
and (c) artificial muscle with hierarchical chiral structure after twisting-then-coiling procedure.
5.2.2 Thermomechanical properties measurement for the polymer fibers
To characterize the thermomechanical properties of the fibers and provide input information
for our mechanics model, we measured the temperature dependence of the axial Young’s moduli
𝐸1 of both precursor and chiral fiber using a TA Instrument Dynamic Mechanical Analyzer (DMA
Q800). In the test, the samples were heated from 𝑇𝑙𝑜𝑤 (20℃) to 𝑇ℎ𝑖𝑔ℎ (67℃). The choices of the
temperature are based on the crystallization and melting behavior of the fiber. 𝑇𝑙𝑜𝑤 should be lower
than the onset of the crystallization temperature, and 𝑇ℎ𝑖𝑔ℎ should be within the broad melting
range of the fiber.
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For the shear moduli 𝐺12 , a torsional pendulum apparatus, together with a temperature
controlled coil heater were used (See Fig. 5-2 for the experiment setup). In the test, one end of the
fiber sample was clamped in a fixed grip and the other end was carefully centered in a slotted disk
shaped pendulum and secured using a set of screws. Following the experimental and analysis
procedure presented by Deteresa et al. [261], the shear modulus 𝐺12 of a circular cross-sectioned
fiber can be expressed in terms of the fiber gauge length 𝐿𝑓 , the fiber radius 𝑟𝑓 , the moment of
inertia of the disc 𝐼 and the oscillation period 𝜏 using Eq. 5-1:
𝐺12 =

8𝜋𝐿𝑓 𝐼

(5-1)

𝑟𝑓4 𝜏2

Figure.5-2 Schematic diagram of torsional pendulum apparatus. The pendulum disc diameter is
3.8cm and mass is 13.90g.
As pointed out previously, the chiral fiber can generate intrinsic torque upon heating. In this
work, we used a torque sensor (Mark-10 MR50-50Z Plug & Test Universal Torque Sensor)
together with the coil heater to measure the torque generated by the twisted fiber fixed at both ends.
The torque generated at 𝑇ℎ𝑖𝑔ℎ was measured and the test was repeated for three times.
5.2.3 Two-way shape memory effect of polymer fibers
The DMA Q800 under force controlled mode was used to explore the two-way shape memory
effect of the fibers. In the test, the samples were heated and cooled at the rate of 10℃/𝑚𝑖𝑛, under
a constant load 𝜎𝑎𝑐𝑡 between 𝑇𝑙𝑜𝑤 (20℃) and 𝑇ℎ𝑖𝑔ℎ (67℃). The actuation strain (𝜀𝑎𝑐𝑡 ) of the 2WSMP fiber is defined as:
𝜀𝑎𝑐𝑡 =

𝐿𝑙𝑜𝑤 (𝜎𝑎𝑐𝑡 )−𝐿ℎ𝑖𝑔ℎ (𝜎𝑎𝑐𝑡 )
𝐿𝑙𝑜𝑤 (𝜎𝑎𝑐𝑡 =0)

× 100%

(5-2)

where 𝐿ℎ𝑖𝑔ℎ is the length of the sample at high-temperature 𝑇ℎ𝑖𝑔ℎ and 𝐿𝑙𝑜𝑤 is the length at low
temperature 𝑇𝑙𝑜𝑤 , both with stress, 𝜎𝑎𝑐𝑡 , applied. The 2W-SME is quantified using the average
negative coefficient of thermal expansion (NCTE), defined as:
𝛼̅𝑎𝑐𝑡 = 𝑇

𝜀𝑎𝑐𝑡
ℎ𝑖𝑔ℎ −𝑇𝑙𝑜𝑤
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(5-3)

5.3 Experimental Results and Discussion
5.3.1 Thermomechanical properties of the polymer fibers
A summary of the thermomechanical properties of both the precursor and chiral fibers at
different thermal conditions are given in Table 5-1.
Table 5-1 Experimental results for the axial Young’s moduli 𝐸1 (𝑀𝑃𝑎) and shear moduli
𝐺12 (𝑀𝑃𝑎) of fibers at low temperature 𝑇𝑙𝑜𝑤 = 20℃ and high temperature 𝑇ℎ𝑖𝑔ℎ = 67℃ .
(*Approximated value.)
𝐸1 @𝑇ℎ𝑖𝑔ℎ
𝐺12 @𝑇ℎ𝑖𝑔ℎ
Specimen
𝐸1 @𝑇𝑙𝑜𝑤
𝐺12 @𝑇𝑙𝑜𝑤
Precursor fiber
31.22 ± 4.01
6.49 ± 0.26
7.43 ± 0.35
4.42 ± 0.14
Twisted fiber
3.76 ± 0.83
0.75 ± 0.26
8.30 ± 0.21
4.94∗
Notice that, a decrease in axial Young’s modulus 𝐸1 can be observed after the twisting
procedure. Interestingly, the fiber experiences almost the same level of degradation at low and
high temperatures. In other words, the ratios of the precursor fiber modulus to the twisted fiber
modulus at 𝑇𝑙𝑜𝑤 and 𝑇ℎ𝑖𝑔ℎ are very close (8.30 and 8.65). The shear modulus 𝐺12 , on the other
hand, increases after the twisting procedure. The changes in the thermomechanical properties
between the precursor and twisted fibers can be understood and reproduced by the coordinate
transformation in a transversely isotropic material [259]. It is worth mentioning that, for a twisted
fiber, it tends to rewind or untwist upon heating. Therefore, the shear modulus of the twisted fiber
at an elevated temperature can’t be obtained using the current experimental apparatus. In our work,
for the sake of simplicity, we estimated the value of 𝐺12 at 𝑇ℎ𝑖𝑔ℎ for the twisted fiber by assuming
that the levels of enhancement in shear modulus at the high temperature are the same as that at the
low temperature.
5.3.2 Tensile actuation behavior of polymer fibers and artificial muscles
The results for the two-way shape memory effect of the precursor fiber are presented in Fig.
5-3 (a) and in Fig. 5-3(b), the average NCTEs of the precursor and chiral fibers are presented in
terms of the applied load. Fig. 5-3(b) reveals that the 2W-SME increases linearly with the applied
load, mostly due to the fact that higher stress can promote extended chain crystallite growth toward
a direction parallel to the stretching direction [15]. Twisting the fiber will disturb the alignment of
the molecular chains. As a result, a degradation in 2W-SME can be observed in the chiral fiber. In
Fig. 5-3(b), we also presented the average NCTEs of the PE fibers that we previously used to make
artificial muscle [259]. Our 2W-SMP fibers possess an average NCTE that is at least one order
higher than that of the PE fiber. Indeed, PE fiber has a higher melting temperature. However, in
the situation where high operating temperature is not necessary or not allowed, our 2W-SMP fiber
can serve as a more efficient light-weight actuator.
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Figure 5-3 (a) 2W-SME of the precursor fiber under different load conditions. (b) Average CTEs
for the precursor (solid circles) and chiral (hollow triangles) 2W-SMP fibers and PE fibers (solid
and hollow stars at the upper left corner) as a function of applied load.
The torque generated by the twisted fiber at 𝑇ℎ𝑖𝑔ℎ is as high as 4.4𝑁𝑚𝑚 (tests were repeated
for three times and the results were stable), which is about an order higher than the recovered
torque (0.6𝑁𝑚𝑚) generated at 80℃ in the twisted PE fiber we used previously [259]. This unusual
improvement in the recovered torque is attributed to the improvement in the tensile actuation of
the precursor fiber, and will contribute to the tensile actuation of the artificial muscle. As can be
seen from Fig. 5-4, the coiled muscle can generate up to 67.81 ± 1.82% actuation strain, which
corresponds to an outstanding average NCTE of (144.27 ± 3.87) × 10−4 ℃−1 . We thus have
reason to believe that if we could fabricate a precursor fiber with even stronger 2W-SME, the
tensile stroke of the artificial muscle made of such fiber can be further increased. It is reported that
cross-linked poly(ε-caprolactone) 2W-SMP can generate reversible actuation stroke up to 70%
and it thus can be a promising candidate [262].
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Figure 5-4 Tensile actuation of an artificial muscle actuating with a maximum load of 0.18N. The
inset figure presents the predicted results using the mechanics model. Different recovered torque
(4, 5 and 6 𝑁𝑚𝑚) and different NCTE values (1-, 2- and 3-fold of the NCTE for current sample)
were used.
As an actuator, the specific work for this artificial muscle during contraction was 81J/kg,
which is about twice that of the natural muscle [263], however much lower than that of the PE
fiber we used previously (520J/kg) [259]. The output work is mainly limited by the maximum
force that can be sustained by our 2W-SMP. As can be seen from Table 5-1, the fabricated 2WSMP fibers have relatively lower tensile moduli, as compared to PE fibers (about 2000𝑀𝑃𝑎) [259].
Therefore, the coiled spring cannot resist much bending moment and may deform into a spring
with a large pitch angle. Under this circumstance, the torsional actuation of the chiral fiber cannot
be converted to the tensile actuation of the coiled muscle effectively. In addition, since melting is
involved in each working cycle of the muscle actuation, the actuation force must be limited, which
reduces the specific work; otherwise, viscoplastic behavior may reduce the reversibility of the
muscle. Another limitation of this new type of artificial muscle is the energy conversion efficiency,
which is defined as the ratio of the output mechanical energy to the input thermal energy
(calculated via DSC curve). During contraction, only 0.05% of the input thermal energy was
converted to mechanical work, which is lower than the PE fiber we used previously (0.3%) and
those used in Haines et al.’s work [82]. The reason for this is again due to the low stiffness of the
2W-SMP, which leads to reduced mechanical work. With similar specific heat between PEVA and
PE, the reduced work translates to reduced energy conversion efficiency. A possible approach to
improve these performances is to add conductive reinforcement, such as carbon nanotubes (CNTs),
which may increase the actuation stress and energy conversion efficiency. This will be a topic for
our future studies.
5.4 Mechanics model for the artificial muscles
To further understand the working mechanism behind the hierarchical chiral structured
artificial muscle, a simple mechanics model based on a consistent application of Castigliano's
second theorem (CST) [232] is developed.
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In Fig. 5-5(a), the coordinate systems, which include global Cartesian ({𝑿𝒄 , 𝒀𝒄 , 𝒁𝒄 }), global
cylindrical ({𝒓𝒄 , 𝝑𝒄 , 𝒛𝒄 }), and local cylindrical coordinates ({𝒓𝒇 , 𝝑𝒇 , 𝒛𝒇 }), and are used to analyze
the hierarchical chiral artificial muscle, are presented.

Figure 5-5 (a) The coordinate systems used to analyze the coiled spring. (b) Left scheme: free body
diagram of the coiled artificial muscle, subjected to external applied force 𝑭 and intrinsic
recovered torque 𝑴𝒓𝒆𝒄 . The chiral fiber has a diameter of 𝑑𝑓 and a length of 𝐿𝑓 . The coiled spring
has 𝑛 active coils, initial pitch angle 𝛼𝑐0 (before loading) and final pitch angle of 𝛼𝑐 (after loading).
Right scheme: Kinematic relationship of the coiled muscle.
Throughout the working cycle, a constant load 𝑭 = 𝐹𝒁𝒄 is applied to the coil. In addition, since
both ends of the twisted fiber are tethered, a recovered torque 𝑴𝒓𝒆𝒄 = 𝑀𝑟𝑒𝑐 𝒛𝒇 is acting along the
axial direction in the twisted fiber. During the thermal cycle, the dimensional change in the axial
direction of the fiber also contributes to the overall actuation of the coiled spring and cannot be
neglected. In other words, the coiled artificial muscle is driven simultaneously by the externally
applied load 𝑭, the recovered torque 𝑴𝒓𝒆𝒄 , along with the 2W-SME of the twisted fiber. Based on
the free body diagram and the coordinate transformation between the global coordinate and the
local coordinate, the external applied loads can be written as [233]:
𝑭𝑎𝑝𝑝 = 𝐹𝓏 𝔃𝒇 + 𝐹𝜗 𝝑𝒇

(5-4a)

𝑴𝑎𝑝𝑝 = 𝑀𝓏 𝔃𝒇 + 𝑀𝜗 𝝑𝒇

(5-4b)

with the normal force 𝐹𝓏 = 𝐹 sin 𝛼𝑐 , shear force 𝐹𝜗 = 𝐹 cos 𝛼𝑐 , torsional moment 𝑀𝓏 =
−𝐹𝑅 cos 𝛼𝑐 + 𝑀𝑟𝑒𝑐 and bending moment 𝑀𝜗 = 𝐹𝑅 sin 𝛼𝑐 . These components are constant along
the coil. By assuming that, at each step of temperature increment, the deformations along the fiber
caused by the external load are infinitesimal, the complementary energy can be expressed as:
𝐿𝑓

𝑈∗ = ∫ (
0

𝑀𝓏2
𝑀𝜗2
𝐹𝓏2
𝐹𝜗2
+
+
+
) 𝑑𝑙
2𝐺𝑓̅ 𝐽 2𝐸̅𝑓 𝐼 2𝐸̅𝑓 𝐴 2𝐺𝑓̅ 𝐴

𝑀𝓏2
𝑀𝜗2
𝐹𝓏2
𝐹𝜗2
= 𝐿𝑓 (
+
+
+
)
2𝐺𝑓̅ 𝐽 2𝐸̅𝑓 𝐼 2𝐸̅𝑓 𝐴 2𝐺𝑓̅ 𝐴
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=

1
1
2
𝑓11 𝐹 2 − 2𝑓12 𝐹𝑀𝑟𝑒𝑐 + 𝑓22 𝑀𝑟𝑒𝑐
2
2
(5-5)

where 𝐸̅𝑓 and 𝐺𝑓̅ are the effective moduli of the twisted fiber. Taking the cross-section area of the
fiber 𝐴 =

𝜋𝑑2
4

the coil 𝑅 =

, the second moment 𝐼 =

𝐷
2

=

𝐿𝑓 cos 𝛼𝑐
𝑛𝜋

𝜋𝑑4

, the polar moment of the area 𝐽 =
64

𝜋𝑑4
32

and the radius of

, 𝑓11 , 𝑓12 and 𝑓22 in Eq. 5-5 become:
8𝑛

3 cos4 𝛼

𝐿

𝑓11 = 𝜋3 𝑑4 ( 𝑛𝑓 )

𝑐

𝐺̅
𝐿𝑓 3 2 sin2 𝛼𝑐 cos2 𝛼𝑐
+ 𝜋 3 𝑑4 ( 𝑛 )
𝐸̅
8𝑛

𝑓12 =

8𝑛
𝜋 2 𝑑4

+

cos2 𝛼𝑐
2𝐺̅
8𝑛 𝐿𝑓 sin2 𝛼𝑐
( ) 2𝐸̅
𝜋𝑑2 𝑛
8𝑛

𝐿

+ 𝜋𝑑2 ( 𝑛𝑓 )

𝐿

2 cos2 𝛼

( 𝑓)
𝑛

𝑐

𝐺̅

32 𝐿𝑓
𝐺̅

𝑓22 = 𝜋𝑑4

(5-6a)
(5-6b)
(5-6c)

Then, the displacement 𝛿 of a helical spring subjected to applied force 𝐹 and recovered
torque 𝑀𝑟𝑒𝑐 is directly found by applying CST [234]:
𝛿 = 𝑓11 𝐹 − 𝑓12 𝑀𝑟𝑒𝑐

(5-7)

The displacement can also be expressed as a function of the pitch angle 𝛼𝑐 using the kinematic
relationship:
𝛿 = 𝐿𝑓 (sin 𝛼𝑐 − sin 𝛼𝑐0 )

(5-8)

Using Eqs. 5-7 and 5-8, the pitch angle 𝛼𝑐 (𝑇), hence the displacement 𝛿(𝑇) can be expressed
in terms of 𝑑, 𝐿𝑓 , 𝐺𝑓̅ , 𝐸̅𝑓 and 𝑀𝑟𝑒𝑐 Here in this work, we only focus on the actuation
𝐴𝑀
magnitude 𝑅𝑎𝑐𝑡
within one cycle for the artificial muscle (AM). Therefore, only the values for
𝑑, 𝐿𝑓 , 𝐺𝑓̅ , 𝐸̅𝑓 and 𝑀𝑟𝑒𝑐 at 𝑇𝑙𝑜𝑤 and 𝑇ℎ𝑖𝑔ℎ are needed. Notice that, in the 2W-SMP fiber, the final
value for 𝐿𝑓 at 𝑇ℎ𝑖𝑔ℎ also depends on the applied load along the fiber (𝐹𝓏 = 𝐹 sin 𝛼𝑐 ). According
to the experimental results in Fig. 5-3(b), we have:
𝐿𝑓 (𝑇ℎ𝑖𝑔ℎ ) = 𝐿𝑓0 − 𝛼̅𝑎𝑐𝑡 (𝜎𝑧 ) × Δ𝑇 × 𝐿𝑓0
̅ 𝑎𝑐𝑡 (𝜎𝑧 ) depends linearly on the 𝜎𝑧 =
where 𝛼

4𝐹𝓏
𝜋𝑑2

(5-9)

:
4𝐹

𝛼̅𝑎𝑐𝑡 (𝜎𝑧 ) = 𝑎1′ 𝜎𝑧 + 𝑏1′ = 𝑎1′ 𝜋𝑑2 sin 𝛼𝑐 + 𝑏1′
take Eq. 5-10 into Eq. 5-9, 𝐿𝑓 (𝑇ℎ𝑖𝑔ℎ ) can be expressed as:
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(5-10)

𝐿𝑓 (𝑇ℎ𝑖𝑔ℎ ) =
where 𝑎1 = −

4𝐹
𝜋

𝑎1 sin 𝛼𝑐
𝑑2

+ 𝑏1

(5-11)

𝑎1′ × Δ𝑇 × 𝐿𝑓0, 𝑏1 = 𝑏1′ .

Take Eq. 5-10 back into Eq. 5-7, together with Eq. 5-8, a 7th order polynomial equation of
𝐴𝑀
sin 𝛼𝑐 can be obtained and finally, the actuation magnitude 𝑅𝑎𝑐𝑡
can be obtained using:
𝐴𝑀
𝜀𝑎𝑐𝑡
=

𝐿𝑓 (𝑇𝑙𝑜𝑤 ) sin 𝛼𝑐 (𝑇𝑙𝑜𝑤 )−𝐿𝑓 (𝑇ℎ𝑖𝑔ℎ ) sin 𝛼𝑐 (𝑇ℎ𝑖𝑔ℎ )
𝐿𝑓 (𝑇𝑙𝑜𝑤 ) sin 𝛼𝑐 (𝑇𝑙𝑜𝑤 )

(5-12)

The model was coded and implemented into the MATLAB program. The theoretical value for
is 64.17%, which is in good agreement with the experimental value (67.81%). A parametric
study in the inset of Fig. 5-4 indicates the sensitivity to both the recovered torque and the NCTE.
The study indicates that both parameters have a positive impact on the tensile actuation of the
muscle. From the above analysis, it is seen that the mechanics model captures the fundamental
mechanisms, and can help researchers understand the working principles of the artificial muscle
and can facilitate future material design.
𝐴𝑀
𝜀𝑎𝑐𝑡

5.5 Conclusion
In this work, a hierarchical chiral structured artificial muscle has been fabricated using twoway shape memory polymer fiber. Experimentally, we have presented the two-way shape memory
effect of the precursor and twisted (chiral) fibers that eventually leads to the improvement in the
axial actuation of the coiled artificial muscle. Theoretically, a mechanics model based on
Castigliano's second theorem (CST) has been proposed and the calculated result is consistent with
the experimental result. The model prove the significance of the 2W-SME and the recovered torque
on tensile actuation, and can be used as a guidance for future study.
It is noted that the artificial muscles still have some limitations in terms of energy efficiency,
such as specific work and energy conversion efficiency. It is envisioned that, by adding conductive
reinforcement such as carbon nanotubes (CNTs) into 2W-SMPs, for example grafting PEVA or
poly(ε-caprolatone) (PCL, which has much higher 2W-SME than that of PEVA) chains onto the
CNTs, the specific work and energy conversion efficiency may be enhanced, without the penalty
of low actuation strain. This will be a topic for future studies.
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CHAPTER 6SUMMARY AND FUTURE WORKS
6.1 Summary
In this dissertation, the application of smart polymers as actuators was investigated, with
focuses on shape memory polymers and twisted-then-coiled artificial muscles. In Chapter 1, a brief
introduction on polymeric actuators and a literature review on the shape memory polymers and
artificial muscles were conducted
In Chapter 2, a temperature and rate dependent thermomechanical constitutive model based on
phase evolution for the amorphous one-way shape memory polymers was developed. The model
successfully provided the phase transition model with physics explanation through thermodynamic
law and statistical mechanics. The model reasonably captured the shape fixity and shape recovery
process, governed by clear physics. The parametric study of the model predicted that the dynamic
heterogeneous domain size distribution, the external mechanical work and the heating rate had a
significant effect impact on the shape memory behavior. While this work focused on amorphous
SMPs, the principle and procedure can be easily extended to modeling of semi-crystalline SMPs,
and even polymeric artificial muscles with similar phase transitions.
In Chapter 3, a 3D constitutive model was developed based on the multiple natural
configurations framework for the true 2W-SME. The model has been validated against the
experimental results for the cPEVA based 2W-SMP and shown good agreement. The model
proved that the internal stress is stored during the programming procedure. This internal stress
contributes to 2W-SME from two aspects. First, anisotropy can be introduced to crystalline phases
formed during crystallization process and second, crystallization kinetics in polymer can be greatly
enhanced by deformation. Higher programming stress can lead to higher stored internal stress and
ends up with better true 2W-SME performance. We predicted that if a SMP does not exhibit
dramatic viscoplastic deformation and can stores a sufficient amount of internal tensile stress, it
can be made into an advanced 2W-SMP that can generate actuation even under compression.
Finally, we believe that, if 1W-SMPs have sufficient tensile strength and enough ultimate tensile
strain, they have a potential to be transformed into 2W-SMPs, as long as an anisotropic network
can be built up either through a sufficient external tensile load (quasi 2W-SME) or through a
sufficient stored internal tensile stress by tensile programming (true 2W-SME).
In Chapter 4, a multi-scale modeling framework based on a top-down analysis was developed
for the actuation response of the polymeric artificial muscles. The model was validated against the
experimental results for the polyethylene copolymer fiber based muscles. The physical origin and
dependence of the torsional actuation of the twisted fiber and the tensile actuation of the twistedthen-coiled spring on temperature have been elaborated and reproduced. A parametric study was
further conducted to help future design and optimization of such innovative artificial muscles.
In Chapter 5, we developed a new type of twisted-then-coiled polymeric artificial muscle using
two-way shape memory polymer fibers. Experimentally, we have presented the two-way shape
memory effect of the precursor and twisted (chiral) fibers that eventually leads to the improvement
in the axial actuation of the coiled artificial muscle. Theoretically, a mechanics model based on
Castigliano's second theorem (CST) has been proposed and the calculated result is consistent with
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the experimental result. The model prove the significance of the 2W-SME and the recovered torque
on tensile actuation, and can be used as a guidance for future study.
6.2 Future works
Shape memory polymers and twisted-then-coiled artificial muscles are relatively new topics in
the polymeric actuator field. Much more research works are necessary to gain a thorough
understanding of their working mechanism. The following recommendations are made for possible
future research:
(1) According to our model for the amorphous shape memory polymers, the external mechanical
work plays a significant role in shape memory behavior. Therefore, this model can be extended
to the cold programmed shape memory polymers, which requires a fully understanding.
(2) According to the conclusion in the two-way shape memory polymer model, the advanced 2WSMP is possible. Therefore, seeking the appropriate candidates can be one of the future works.
(3) It is noted that the artificial muscles still have some limitations in terms of energy efficiency,
such as specific work and energy conversion efficiency. It is envisioned that, by adding
conductive reinforcement such as carbon nanotubes (CNTs) into 2W-SMPs, for example
grafting PEVA or poly(ε-caprolatone) (PCL, which has much higher 2W-SME than that of
PEVA) chains onto the CNTs, the specific work and energy conversion efficiency may be
enhanced, without the penalty of low actuation strain. This can be a topic for future studies.
(4) Polymeric actuators can be stimulated by various stimulus, such as heat, electric or magnetic,
and humidity. Modeling of the corresponding polymeric actuators is either at the initial stage
or in need of improvement, and thus can be a future topic.
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